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1. Introduction 

By a theorem of Malcev , every torsion free nilpotent group can be imbedded 
canonically as a discrete, cocompact subgroup of a real nilpotent Lie group. One 
can therefore associate to a finitely generated group tt a tower of nilpotent Lie 
groups 

(1) >G3^G2^Gi^ Hi{n,R) 

by taking Gk to be the nilpotent Lie group associated to the maximal torsion free 
quotient of tt of length k. Since each nilpotent Lie group is simply connected, the 
tower is determined by the corresponding tower 

• • • ^ 03 ^ 02 ^ 01 = i?i(7r,R) 

of nilpotent Lie algebras. The inverse limit of this tower is a pronilpotent Lie 
algebra, called the Malcev Lie algebra associated to tt. This Lie algebra has the 
property that the graded Lie algebra Gr g associated with its lower central series is 
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isomorphic to (GrTr) where GrTr is tlie graded Z-Lie algebra associated to the 
filtration of tt by its lower central series. 

In this paper we give a presentation of the Malcev Lie algebra Ig ^ associated 
to the Torelli group T^ ,. for all g > 6. Since each Torelli group injects into its 
unipotent completion (at least when n + r > 0), the corresponding Malcev Lie 
algebra should contain significant information about the group. 

Recall that the mapping class group F^^ is defined as follows. Fix a compact 
orientable surface S of genus g, together with n + r distinct points 

(2) xi,...,Xn;yi,---,yT 

of S and r non-zero tangent vectors vi, . . . ,Vr, where vj is tangent to S at yj . The 
group F^ J. is the group of isotopy classes of orientation preserving diffeomorphisms 
of S that fix each of the points (||) and each of the tangent vectors Vj |^ The Torelli 
group T^j. is defined to be the kernel of the natural homomorphism 

(3) f;;,, -> Auti?i(s',z). 

Observe that the classical pure braid group P„ is Tq i. 

Our presentation of 1^ ^ generalizes the well-known presentation oipn, the Malcev 
Lie algebra of the pure braid group P„ , which is of importance in the theory of Vas- 
siliev invariants (cf. |ll|, ^) and was first written down by Kohno j2|]. Denote 
the free Lie algebra generated by indeterminates Xi, . . . , Xm by L(Xi, . . . , X„i), 
and that generated by a vector space V by L(y). Then p„ is the completion of the 
graded Lie algebra 

h(Xij : ij is a two element subset of {!,..., n})/R 

where R is the ideal generated by the quadratic relations 

[Xij,Xk.i] when i,j,k and I are distinct; 
[Xij,Xik + Xjk] when i,j and k are distinct. 

The property that p„ is the completion of the associated graded Lie algebra Gr p„ 
does not hold for the generic group, but does hold for all Torelli groups as we shall 
see. 

It is easiest to first state the result for the absolute Torelli group, Tg := TgQ. 
It follows from Dennis Johnson's computation of the first homology of Tg that 
each graded quotient of the lower central series of tg is a representation of the 
algebraic group Spg. We will give a presentation of Grtg in the category of repre- 
sentations of Spg. Chose a set Ai, . . . , Ag of fundamental weights of Spg. Denote 
the representation of Spg with highest weight A ^ ''T-j-^j by V{X). Johnson's fun- 
damental computation is that there is a natural Spg{'L) equivariant isomorphism 
between Hi{Tg,Q) and V^(A3). 

For all g > 3, the representation A^V^(A3) contains a unique copy of ¥(2X2) + 
1^(0). Denote the Spg invariant complement of this by Rg. Since the quadratic 
part of the free Lie algebra h{V) is A^V, we can view Rg as being a subspace of 
the quadratic elements of L(F(A3)). 



^ One can replace each tangent vector in the definition by a boundary component — with this 
change, the difl'eomorphisms are required to be the identity on each boundary component. 
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Theorem 1.1. For all g ^ 2, tg is the completion of its associated graded Grt^. 
When g > 6, this has presentation 

Grt,-L(T/(A3))/(i?g), 

where Rg is the set of quadratic relations defined above. When 3 < g < 6, the 
relations in Grtg are generated by the quadratic relations Rg, and possibly some 
cubic relations. 

In fact, we will show that in genus 3 there are no quadratic relations and the 
cubic relations contain a copy of ^(Aa). 

Dennis Johnson has proved that Tg is finitely generated for all g > 3, but it is 
not known for any 5 > 3 whether or not Tg is finitely presented. Geoff Mess [|4j 
proved that T2 is a countably generated free group. (Note that when g = 0, 1, Tg 
is trivial.) 

Corollary 1.2. For all g ^2, and for all r,n>0, tg,. is finitely presented. □ 

In the decorated case, we have the extension 
(4) 1 - - ^Tg-.l, 

where tt^ ^ denotes the fundamental group of the configuration space of n points 
and r tangent vectors in S. After applying the Malcev Lie algebra functor, we 
obtain an extension 

U Pg j. I.g j. r \,g > U, 

where ^ denotes the Malcev Lie algebra of tt^ ^. 

Theorem 1.3. For all g > 0, and all r,n > 0, the Lie algebra pg^ is the completion 
of its associated graded Grp^ ^. The associated graded has a presentation with only 
quadratic relations. 

The explicit presentation is given in Section |2[ In order to give the presentation 
for t^_^, we prove that (||) remains exact after taking graded quotients. Thus, in 
order to give a presentation of t^^, it suffices to determine the map 

[ , ] : (Gri tg ® Gri p^^) ® (Gr^ tg ® Gr^ t,,) ^ Gr^ tl^. 

determined by the bracket. We do this in Section ^to obtain the presentation of 
tg_r in general. 

Our results complement, and sometimes overlap with, the beautiful work 
40, 3^ of Shigeyuki Morita who began the study of the "higher Johnson homo- 



morphisms" studied in this paper. Our main theorem allows us to answer several 
questions about Torelli groups, and to prove a conjecture of Morita. These and 
other applications are discussed in Section ^ 

Another feature of the classical case is the existence of a canonical universal 
integrable connection. Denote the classifying space 

C" — {(zi, . . . , z„) : the Zi are not distinct} 

of Pn by Xn- Denote the complex of global meromorphic /c- forms on a complex 
manifold Y by ri'^(F). The universal integrable connection on Xn is given by the 
pg valued 1-form 

^ dlog(z, - Zj) Ay e n'^(Xn) «) p„. 
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It plays a central role in the theory of Vassiliev invariants (cf. ||2^, [jll], (27j.) We 
are able to prove that there is a canonical universal connection form with "scalar 
curvature" for each TJ^^, provided 5 7^ 2, although, to date, we have not been able 
to give an explicit formula for it. The universal connection is discussed in Section 

. . . . 

The basic approach in this paper is to use Hodge theory. The main technical 

theorem of the paper is: 

Theorem 1.4. Suppose that g ^ 2 and that r, n > 0. For each choice of a complex 
structure on the decorated reference surface 

{S;Xi, ...,Xn;yi,-- -^VrlVl, ■■■,Vr) 

there is a mixed Hodge structure on t^^ for which the bracket is a morphism of 
mixed Hodge structures. 

This mixed Hodge structure is canonical once one fixes an isomorphism of Tg ^ 
with the (orbifold) fundamental group of the moduli space of smooth projective 
curves of genus g with n marked points, and r non-zero tangent vectors. The the- 
orem is proved using the mixed Hodge structure on the completion of the mapping 
class group F^^^ relative to the homomorphism — > Spg{<Q) induced by the 
existence of which follows from [|l9j . The mixed Hodge structure on the Lie algebra 
Ug J. of the prounipotent radical of the relative completion is lifted to ^ using two 
results from [0. The first states that we have a central extension 

when (7 > 3. The second gives an explicit relationship between this extension and 
the algebraic 1-cycle C — C~ in the jacobian of an algebraic curve C. The theory 
of relative completion is reviewed in Section ^. 

When (? > 3, the weight filtration of ^ is its lower central series. The fact that 
the weight graded functors are exact on the category of mixed Hodge structures 
then allows the reduction to the associated graded with impunity when studying 
tg ,., Ug ,., pg ,. Aud maps between them. 

In order to bound the degrees of relations in tg by N, we need to know that if V 
is a variation of Hodge structure of weight n over A4g (the moduli space of curves) 
that comes from a rational representation of Spg, then the weights on 

are bounded between 2 + n and n-\- N — see Section There is no a priori uniform 
bound on the weights of H^{X^ V), where X is a smooth variety and V is a variation 
of Hodge structure over X of weight Z, as there is in the case of Q coefficients where 
the weights are bounded between k and 2k. For example, if F is a finite index 
subgroup of SL2{Z) and X the quotient of the upper half plane by F, then the 
non-trivial weights on H^(X, ^"V) are 71 + 1 and 2n + 2 for infinitely many n, as 
can be seen from results in . Here V denotes the fundamental representation of 
SL2 viewed as a variation of Hodge structure over X of weight 1 and S^Y its 71th 
symmetric power. Thus, one of the main technical ingredients in the paper is the 
result of Kabanov [|4j (see also which states that one can take to be 2 when 
(7 > 6, and 3 when 3 < 5 < 6. 

The existence of the mixed Hodge structure on the Malcev Lie algebra associated 
to the Torelli group was obtained several years ago. The quadratic relations (proved 
in Section |l^) were derived in . Subsequently Morita (unpublished) proved that 
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when the genus is sufficiently large there are no cubic or quartic relations in tg. 
Kabanov's purity theorem allows us to avoid Morita's involved computations and 
to show there are no higher order relations. 

Acknowledgements. It is a pleasure to thank all those with whom I have had 
useful discussions, especially A. Borcl, P. Deligne, Alexander Kabanov, Eduard 
Looijenga, Shigeyuki Morita, and Steven Zucker. I would also like to thank Hiroaki 
Nakamura for his numerous comments on the manuscript. I would like to thank 
the Institute for Advanced Study, the Institut des Hautes Etudes Scientifiques, the 
Institut Henri Poincare, and the Universitat Essen, each of which supported me 
during my sabbatical during which this paper was written. 

2. Braid Groups in Positive Genus 

Throughout this section g will be positive. Suppose that S" is a compact oriented 
surface of genus g, and that r and n are integers > 0. The configuration space of 
m > 1 points on S is 

= 5""- A, 

where A is the union of the various diagonals Xi = Xj . Denote the tangent bundle 
of S by TS, and the bundle of non-zero tangent vectors by V. The puUback of V 
to F"^{S) along the jth projection pj : F"^{S) S will be denoted by Vj. For a 
subset A of {1, . . . , to} denote the fibered product of the Vj, where j & A, by Va- 

The configuration space F^^ of n points and r non-zero tangent vectors of S is 
defined to be the total space of the bundle 

Va ^ F'-+''{S) 

where A = {n + 1, . . . ,n + r}. Fix a base point of F^^. Define 

When r — this is just the group of pure braids with n strings on the surface S. In 
general, this group can be thought of as the group of pure braids on S with r + n 
strings where r of the strings are framed. It is a standard fact that the space Fg \, 
is an Eilenberg-MacLane space of type Kin, 1) §1.2]. 
In contrast with the genus case, we have: 

Proposition 2.1. For each g > 0, there is a short exact sequence 

^ (Z/(2.9 - 2)ZY ^ i?i(7rg"„Z) A H,{S"+^,Z) ^ 0, 

where p is induced by the natural map Fg^ 5'"+'" . 

Proof. We first consider the case when r = 0. In this case Fg^, is 5" — A. The 
divisor A is the union of the diagonals Aij where the ith and jth point of S" are 
equal. We therefore have a Gysin sequence 

> -ff2(5") ^ 0Z ^ iJi(S'" - A) ^ -ffi(S'") ^ 0. 

The map 7 takes a cycle z to the element of ©i<jZ whose ijth term is the in- 
tersection number z ■ Aij. The map t takes the generator of the ijth factor to 
the homology class of a small circle which winds about about Ay in the positive 
direction. 
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Fix a base point Xo of S. For u e Hk{S) and i S {1, • • • ,n}, denote by the 
element 

i 

Xq X * ' ' X Xq X u X X Q X ' ' ' X X Q 

of -fffe(S'",Z), where u is placed in the zth factor. For elements u and v of Hi{S) 
and i, j G {1, . . . , n}, denote the element 

i 3 
3jq X * * * X 3Cq^ tt ^CCq X * * * X CCq"^ U "^Xq X * * * X 3Cq 

of H2{S, Z) by X i;-', where « is placed in the ith factor and v in the jth. 

By choosing representatives of u and v which do not pass through the base point, 
one sees immediately that 

7 : X (u ■ v)Aij 

from which it follows that 7 is surjective and that t is trivial. This proves the result 

when r = 0. 
Observe that 

7: 5'^^ A,,. 

If a and b are elements of Hi{S, Z) with intersection number 1, then 

is in the kernel of 7, and therefore lifts to an element ai of i?2(S'" — A,Z). 

We prove the general case by induction on r. Our inductive hypothesis is that 
the result has been proven for when s < r, and that there are classes 

whose images under the the maps 

induced by the various projections pj : — > S satisfy Pj{(Ti) = Sij[S]. We have 

proved this when r = 0. 

Suppose that r > 0. We have the projection 

'1 ■ ^ g,r ^ g,r-l^ 

which replaces the first tangent vector by its anchor point. This is a principal C* 
bundle. It fits into a commutative square 

F"" > V 



pn+1 



One therefore has a map 



H2{S) Ho{S) > H^{V) > m{S) > 

of Gysin sequences. The map 75 is simply multiplication by the culcr characteristic. 
Since On+i ^ [S], we see that 7^ takes Un+i to 2 — 217. The result follows by 
induction. □ 
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Remark 2.2. This result (with r ~ 0) can also be proved by considering the natural 
fibrations Fg'^^ Fg obtained by forgetting the last point. The fiber is an n 
punctured copy of S, and its homology therefore fits into an exact sequence 

-> Z"/diagonal Hi{S - n points) ^ Hi{S) 0. 

One has to be a little careful as the nionodromy action is not trivial. A simple 
geometric argument shows that the monodromy acts trivially on the kernel and 
quotient in the sequence above, and therefore is given by a homomorphism 

ttI' Hom(i7i (5), Z" /diagonal) ^ H\S")/ diagonal. 

By induction on n, Hi{Tr'^) is isomorphic to Hi{S"). Since the monodromy is 
abelian, it factors through the quotient map 

A straightforward geometric argument shows that the action of the latter is given 
by the map 

Fi(5)®" i?i(5)®"/diagonal, 

where PD denotes Poincare duality. The coinvariants are therefore given by 

i/o(F;,i/i(fiber)) = i/i(5). 

An elementary spectral sequence argument completes the inductive step. 

Kohno and Oda p. 208] use this method, but their result contradicts ours 
as they mistakenly assume that the monodromy representation is trivial. 

3. Relative Completion of Mapping Class Groups 

In this section we recall the main theorem of ]l7[ | which makes precise the re- 
lationship between the Malcev completion of Tg^. and the unipotent radical of the 
relative Malcev completion of ^. We first recall the definition of relative Malcev 
completion, which is due to Deligne. A reference for this material is §§2-4]. 

Suppose that F is a discrete group, S a reductive linear algebraic group over 
a field F of characteristic zero, and that p : T S{F) is a representation whose 
image is Zariski dense. The Malcev completion of F over F relative to p is a 
homomorphism p : F ^ ^ of F into a proalgebraic group Q, defined over F, which 
is an extension 

1^14 ^ S ^1 

of S by a prounipotent group U such that the diagram 

F S 



g > s 

p 

commutes. It is characterized by a universal mapping property: If G is a linear 
(pro)algebraic group over F which is an extension 

l^U ^ S ^1 
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of 5 by a (pro)unipotent group, and if t : F G is a homomorphism whose 
composition with G —> S is then there is a unique homomorphism Q ^ G such 
that the diagram 

r g 




G > S 

commutes. 

When S is the trivial group, the relative completion of T coincides with the 
classical Malcev (or unipotent) completion of F. 

Suppose that K/F is an extension of fields of characteristic zero. When S is 
defined over F and p : F — > S{F), one can ask if the K-torm of the completion of F 
relative to p is obtained from the F-form by extension of scalars. If this is the case 
for all such field extensions, we will say that the relative completion of F relative 
to p can be defined over F. 

The action of the mapping class group on S preserves the intersection pairing 
q : Z)®^ — » Z. We therefore have a homomorphism 

(5) p : F;;^, ^ Aut(i7i(5,Z),g) - Spg{Z). 

For a positive integer I, we define the level I subgroup F^ ^.[Z] to be the kernel of the 
induced map 

f;;,, ^ Aut{Hi{s,z/iz),q) 9^ Spg{z/iz). 

Here we interpret Spg{Z/lZ) as the trivial group when / = 1. 

Theorem 3.1. For all g > 3 and all I > 1, the completion of the mapping class 

group Tg^ll] relative to the homomorphism p : ^[l] Spg{Q) induced by is 

defined over Q. □ 

This result was proved in [0 (4.14)] under the assumption that g > 8 and that 
I ~ 1. That the stronger result is true follows from the strengthening |^ of Borel's 
stability theoremjR, ||] for the symplectic group, stated below, which ensures that 
the hypothesis [[17|, (4.10)] is satisfied when I > 1 and 5 > 3. 

Theorem 3.2. Suppose that V is an irreducible rational representation of the al- 
gebraic group Spg and that F is a finite index subgroup of Spg{Z). Ifk<g, then 
H''(T,V) vanishes when V is non-trivial, and agrees with the stable cohomology of 
SpgCZ) when V is the trivial representation. □ 

Denote the completion of F^^ relative to p by p : F^^ ^g,r- Denote the 
prounipotent radical of Q^g ^ by Ug^., and its Lie algebra by Ug 

Proposition 3.3. If g > 3, then for all I > 1, the composite 

is the completion of Tg ^ [I] relative to the restriction of p to F^ ^ [I] . 

Proof. This follows directly from results in [0 §4] as we shall explain. Denote 
the relative completion of F^ ,,[^] by Q^f^r^] ^"^^ its prounipotent radical by Ug_j.[l]. 
There is a natural map Ug^[r\ — > U^^, the surjectivity of which follows from ( |3.2[ ) 
and 10 (4.6)]. Injectivity follows directly from (U) and Q (4.13)]. □ 
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We have an extension 



1 



Qg.r 



Spg 



1 



of proalgebraic groups over Q. The homomorphism p induces a map Tg^. lA] 
Denote the classical Malcev completion of T"^ by 71"^, and its Lie algebra by t; 



Since i^" is prounipotent, p induces a homomorphism 



n 

'■g,r- 



■u, 



g,r 



of prounipotent groups. 

The following theorem is the main result of [0.0 There it is proved for all 5 > 8, 
but in view of (3.2), it holds for all <? > 3. (Cf. the third footnote on page 76 of 

HI-) 

Theorem 3.4. For all g > 3, the homomorphism 9 is surjective and has a one 
dimensional kernel isomorphic to Ga which is central in Tg\ and is trivial as an 
SpgCZ) module. Moreover, the extensions are all pulled back from that ofTg; that 
is, the diagram 











Tg 



77" 



commutes. 

It is a standard fact that the sequence 

1 n pn p _ 

g,r g,r g 

is exact. Restricting to Tg, we obtain an extension 



□ 



(6) 



1 



1. 



Proposition 3.5. If g > 3, then the extension 



induces an exact sequence 



Hl{Tg,( 



0. 



Proof. It follows from (2T) that the natural map tt^ ^ 
phism on Hi with rational coefficients. The corresponding surjection Tg^, 
induces a map 



TTg'^^ induces an isomor- 
a 



Hl{Tg 



Hi{Tg,( 











of exact sequences. Since the middle vertical map is a surjection, and the two 
outside maps are isomorphisms, it follows that the middle map is an isomorphism. 
It therefore suffices to prove the result when r = 0. 
To prove this, we need to prove that the map 



(7) 



■^There is a minor error in proof of the case "j4J^^ implies ^" of the proof of jl^ , (7.4)]. It 
is easily fixed. 
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is injective. We first remark that this is easily proved when n — 1 using the Johnson 
homomorphism 

:ffi(Tgi)->i73(JacC). 
(Cf. and ||l8|, §3].) The composition of with the map 

ifi(^i,Q)^il3(JacC, Q) 

is easily seen to be the map Hi{C) H^^iiacC) which takes a class in Hi to its 
Pontrjagin product with the class of C in H2iia.cC). Since this map is injective, it 
follows that is injective when n — 1. 

The general case follows from this by considering the maps pj : iJi(T^) — * 
Hi{Tl) induced by the n forgetful maps -^T^. □ 

Define Vg\ to be the Malcev completion of tt^ ^ and ^ to be the corresponding 
Malcev Lie algebra. Applying Malcev completion to (^) we obtain a sequence 

b" t" ^ t 

of Malcev Lie algebras. 

Proposition 3.6. If g ^2, then the sequence 

" rg,r '•g.r "-g " 

associated to ([^j is exact. 

Proof. By II^, (5.6)] it suffices to verify two conditions. First, that Tg acts unipo- 



tently on H {-Kg ^ , Q) ; this follows from (2.1). The second condition there is satisfied 
if, for example, the extension 

0^Hi{7:l„Q)^G^Tg^l 

obtained by pushing out along tt" i7i(7r" ,Q) is split. In our case this 



follows from (3.5) as the extension above can be pulled back from the extension 

^ ffi«,,Q) ^ ffi(r;,.,Q) Hi{Tg,Q) ^ 
which is split for trivial reasons. □ 

The standard homomorphism Tg ,^ —>■ Tg induces a homomorphism Qg ^ ^ Gg oi 
relative completions. The inclusion V'g\ Tg\ induces a homomorphism Vg\ 
Ug^^. We therefore have a sequence 

g,r ^g.r ^9 

of proalgebraic groups. 

Lemma 3.7. Ifg>3, then the sequence 

is exact. In particular, the sequence 

^ Plr <r ^ Ug ^ 

is exact. 

Proof. To prove the result, it suffices to prove that the sequence 

i^ri^^ui^^Ug^i 



is exact. But this follows immediately from (3.4) and (3.6). □ 
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Suppose that g is a finitely generated pronilpotent Lie algebra. Denote the 
group of automorphisms of g by Autg. Denote the subgroup of Autg consisting 
of the elements that act trivially on -ffi(g) by L^Autg. Since the action of an 
automorphism on the graded quotients of the lower central series is determined by 
the action on the first graded quotient, Autg is a proalgebraic group which is an 
extension 

1 ^ Aut g Aut g ^ 5 ^ 1 
of a closed subgroup S of AutiJi(g) by the prounipotent group consisting of those 
automorphisms of g that act trivially on the graded quotients of the lower central 
series. Its Lie algebra is the Lie algebra Derg of derivations of g. This is an 
extension 

^ Der g ^ Der g ^ s ^ 
of the Lie algebra 5 of 5 by the pronilpotent Lie algebra of derivations of g that act 
trivially on the graded quotients of the lower central series of g. 

If G is the prounipotent group corresponding to g, then AutQ and Autg are 
isomorphic, as can be seen using the Baker-Campbell-Hausdorff formula. 

Lemma 3.8. For all g > the natural action ofT^^ on -k^ ^ induces a represen- 
tation 

Proof. Suppose that g >0. The mapping class group F^^ acts on We therefore 
have a homomorphism 

(8) r^,,^Autp^_,. 



By (2.1) we know that 

AutHiipl^) = Aut Hi (S*)® 

There is a diagonal copy of Spg contained in this group, and it is easy to see that 
this is the Zariski closure of the image of F^^ in Aut77i(pg^). It follows that 
the Zariski closure of the image of ^ is an extension of this diagonal Spg by a 
prounipotent group. Since the homomorphism from F^^^ to this copy of Spg is the 
standard representation, the universal mapping property of the relative completion 
implies that (||) induces a homomorphism Qg,.^ Autp^ ^. □ 



Remark 3.9. When g = 1, the results (^) and are false. That (^) and ( |3.4D 
fail can be deduced from (10.3)], a special case of which states that there is a 
natural isomorphism 

H\Mi[l], ^"V) = {H^ (Hi [I] ) ® S'"V) . 

Here A^i[/] denotes the moduli space of elliptic curves with a level / structure, V 
denotes the variation of Hodge structure over A4 1 [/] of weight 1 corresponding to 

of the universal elliptic curve, and S'"V denotes its nth symmetric power. Since 
the level / congruence subgroup of 5^2 (Z) is free when g > 4, it follows by an Euler 
characteristic argument that H^{A4i[l], S^Y) is non-zero whenever 5 > 4. Since Ti 
is trivial, it cannot surject onto Ui[l]. Since the rank ri of the level I subgroup of 

(^) depends on /, and since 

dimH^{Mi[l],S''W) = {ri - l)dim5'=V, 
it follows that the rank of the S'"V isotypical part of Hi{Ui[l]) depends on /. So 



(B.3) does not hold. 
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4. Mixed Hodge Structures on Torelli Groups 
Denote by A^g ^[^] the moduli space of ordered {n + r + l)-tuples 

(C; Xi, . . . , Xn', Vr) 

where C is a smooth complex projective curve with a level I structure, the Xj are 
distinct points of C, and the Vj are non-zero holomorphic tangent vectors of C 
which are anchored at r distinct points of C which are also distinct from the Xj. 
We shall omit the I when it is 1, and r and n when they are zero. So, for example, 
Aig denotes the moduli space of smooth projective curves of genus g. 

For each point x of ^[Z], there is a natural isomorphism of ^[Z] with the 
(orbifold) fundamental group 7ri(7Wg^[Z], a;) of A^J^ ^.[Z]. We will denote the latter by 
Fg ,,[/](a;). We shaU denote the subgroup of F^ corresponding to TJ^^ by Tg^^{x). 
Denote the relative Malcev completion of F^ by Gg^ri^)^ i^s prounipotent radical 
by Ug^r{x), etc. The Lie algebras corresponding to Tg,.{x) and Ug j.{x) will be 
denoted by tg j.{x) and Ug j.{x), respectively. 

In this section we prove that for each choice of a point x in A^^^, there is a 
canonical Q mixed Hodge structure (MHS) on tg^(x). The first ingredient in the 
construction of this MHS is the following theorem, which is proved in (13.1)]. 

Theorem 4.1. Suppose that X is a smooth quasi-projective algebraic variety and 
(V, ( , )) is a polarized variation of Hodge structure over X of geometric origin 
whose monodromy representation 

p : 7ri(X, Xo) ^ AutK(Vo, ( , }) 

has Zariski dense image. Then the coordinate ring of the completion of 'Ki{X,Xo) 
relative to p and its unipotent radical both have natural real MHSs such that the 
product, coproduct, and antipode of each are morphisms of MHSs. □ 

We will say that a homomorphism Q Ti, between proalgebraic groups, each of 
whose coordinate rings is a Hopf algebra in the category of mixed Hodge structures, 
is a morphism of MHSs if the corresponding map on coordinate rings is. Since 
F^_^(a;) is the orbifold fundamental group of {Mg ,.,x), the following result is not 
unexpected. 

Theorem 4.2. For all g,r,n > 0, and for each choice of a point 

X = [C;xi, . . . , a;„; wi, . . . ,Vr] 

of A4g^, there is a canonical real MHS on the coordinate ring ofGgj.{x) for which 
the product, coproduct and antipode are morphisms of MHS. Moreover, the homo- 
morphisms Gg^ri^) ~^ ^g^^i^') '^'^^ Gg,r(^) ~^ Sg^-ii^")' induccd by forgetting a 
point or by replacing a tangent vector by its anchor point, are morphisms of mixed 
Hodge structure. 

Proof. Since the mapping class group is not, in general, the fundamental group of 
Alg ,,, we need to pass to a level. Choose an integer I such that Fg ,,[/] is torsion 
free. In this case, the moduli space Alg_^[Z] is smooth and has fundamental group 
isomorphic to F"^[Z]. Since F^ ^.[Z] is torsion free, there is a universal curve 

Take V to be the dual of the local system R^tt^.'L. This is a polarized variation of 
Hodge structure of weight —1 and is clearly of geometric origin. Its monodromy 
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representation is 



So by ( p.3| ) and (4.1), there is a canonical real MHS on the coordinate ring of the 
relative completion Qg^j.{x) of T^^^{x) for each choice of a point of TW^ ,,[/] that hes 
over X. 

Denote the projection M"^ ^[l] — > ^ by p. The set of lifts of a point x of M."^ ^ 
to A^g^rW is permuted transitively by the Galois group Spg{'L/l'L). It follows from 
the naturality of the MHS on the relative completion that the MHSs on Gg^ri^) 
with respect any two points of p~^{x) are canonically isomorphic. The MHS on 

^(x) is therefore indepenent of the choice of a point of p~^{x), and is therefore 
canonical. 

To show that the MHS on ,,(a;) constructed above is independent of the choice 
of the level Z, suppose that li and I2 are two levels for which the mapping class group 
is torsion free. One can then compare the corresponding MHSs by passing to the 
level corresponding to the least common multiple of li and l2- The naturality 
statement follows directly from (13.12)]. □ 

Corollary 4.3. For all g > 0, and for each choice of a point 

X = [C; Xi, . . . , Xn]Vi, . . . , Vr] 

of Mg^, the pronilpotent Lie algebra Ug j,{x) of the prounipotent radical of Qg,^(x) 
has a canonical real MHS for which the bracket is a morphism of MHS. Moreover, 
the morphisms u'^ j.{x) Ug~^{x') andUg j,{x) Ug j:ij(a;"), obtained by forgetting 
a point or replacing a tangent vector by its anchor point, are morphisms of mixed 
Hodge structure. □ 

Given a point x of M^,.^ there are two a priori different MHSs on p'^^^{x). The 
first is the one obtained from the construction given in g. The second arises 
as pg^ri^) is the kernel of the natural surjection Ug ,.{x) u.g{x). The following 
assertion follows directly from the naturality properties (13.12)] of the mixed 
Hodge structure relative completions. 

Proposition 4.4. These two MHSs are identical. □ 

Fix a point x of Mg ,,. Then both of Gg^^i^) pg^^i^) have canonical MHSs. 
It is natural to expect that the natural action 

(9) Gl\Ax)^ Ant pl,{x) 



constructed in (3.8) is compatible with these. 

Lemma 4.5. The action is a morphism of MHS. Consequently, the morphism 

<V(2;) ^Dcrp;'^,(a;) 
is also morphism of MHS with respect to the canonical MHSs determined by x G 

Proof. It follows immediately from (3/7) that Vgr{x) is a normal subgroup of 



Gg^ri^)- Since the coordinate ring of Gg^ri^) ^ natural mixed Hodge structure 
compatible with its operations, the action of Gg^ri^) '^^ '^g',ri^) conjugation is 
a morphism of MHS. But this action is easily seen to coincide with the canonical 
action of Gg^A^) on P^_r(x). □ 
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For a curve C of genus g > 3, denote by PiJ3(JacC, Q) the primitive three 
dimensional homology of its jacobian Jac C — that is, the subspace of H^(i&c C, Q) 
corresponding to PH^^~^{3a,c C, Q) under Poincare duahty. It has a natural Hodge 
structure of weight —3. 

Proposition 4.6. If g > 3, then for each x = [C;xi, . . . ,Xn',vi, ■ ■ ■ ,Vr] G -^gr 

the canonical real mixed Hodge structure on Hi{Ug ^.{x)) is of weight —1 and is 
canonically isomorphic to 



Pi?3(JacC,M(-l))®i?i(C, 



\®(r+n) 



Proof. As in t he proof of (3^), we reduce to proof to showing that it is true for u^. 
Then, by (45), the composite 

(10) Hiiulix)) ^ W-iH,{Berpl{x)) ^ Gr^^ Derpi(x) 
is a morphism of MHS. Observe that 

Gr^iDerpi(a;) C Hom(Gr^i (x), Gr^^ pJC^:))- 

From the work of Johnson (see also §4]), it follows that ( p^ ) is injective, 
from which the result follows for u^. □ 

The fact that i/i(Ug ^) is pure of weight —1 allows us to conclude that the weight 
filtration of Ug^ is essentially its lower central series. This follows from the following 
general fact. 

Lemma 4.7. Suppose that g is a pronilpotent Lie algebra in the category of mixed 
Hodge structures with finite dimensional Hi. If the induced MHS on Hi[q) is pure 
of weight —1, then W_;g is the Ith term of the lower central series of q. 

Proof. Denote the ^th term of the lower central series of g by g^'^. Since Hi{g) is 
pure of weight —1, since g is pronilpotent, and since the bracket is a morphism of 
MHS, it follows that g — W-ig. An elementary argument using the Jacobi identity 
shows that the bracket 

(11) 0®0(')-0('+^) 

is surjective. Since the bracket is a morphism of MHS, it follows that g^'-' C W-iQ. 
The fact that Hi{g) is pure of weight —1, forces = 0- The result now 
follows by an induction argument (induct on /) using the fact that (pT|), being a 
morphism of MHS, is strict with respect to the weight filtration. □ 



Corollary 4.8. The Ith term of the lower central series of Ug ^ is M^_;Ug ^. □ 

This result implies that the weight filtration on Qg^, is defined over Q which 
implies that this MHS is really defined over Q. 

Corollary 4.9. The weight filtration of the canonical MHSs on Qg ^.(x) and Ug j.{x) 
associated to a point of A4g ^ are topologically determined and therefore defined over 
Q. Consequently, the MHSs on Gg ri^) ^.''^d vJ^ ^{x) each have a canonical lift to 
Q-MHSs. ' ^ □ 

We are now ready to lift the MHS from Ug^^{x) to tg^^{x): 
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Theorem 4.10. Suppose that g ^ 2 and that r,n > 0. For each choice of a base 
point 

X = [C\Xi, ...,Xn\Vi,.. .,Vr\ 

of Aig J. there is a canonical Q-MHS on tg ^(x) for which the bracket and the quotient 
map tg j.{x) — > Ug j.{x) are morphisms of MHS. Moreover, W-itg ^.{x) is the Ith term 
of the lower central series of tg ^(x) and the central Gq is isomorphic to Q(l). 

Proof. For all 5 > 0, we have the exact sequence 

-1 n rjin rp -1 

i TTg J, Ig j, > > 1. 

When g = 0,1, Tg is the trivial group, so that T^^ is isomorphic to tt^ ^. It follows 
that in these cases ^ is isomorphic to the Malcev Lie algebra pg ^ associated to 
TTg ,,. The choice of the base point of M.'^ j. gives the configuration space {Fg^r^ lo) 
the structure of a pointed smooth complex algebraic variety. Since tt^ is the 
fundamental group of {Fg^, fo), the existence of the MHS on ^.{x) when g = 0, 1 
follows from @ (6.3.1)]. ' 

Now suppose that 5 > 3. To construct a MHS on Vg ^{x), it suffices to show tha t 



tnjx) has a MHS such that ig{x) — > Ug(a;) is a morphism as it follows from (3.4) 



( p.6| ) and (^J) that the diagram 

1 1 

is a pullback square in the category of pronilpotent Lie algebras. 

It is useful to begin by explaining the philosophy behind the proof. The essential 
point is that g{x) acts on tg{x) and on Ug{x) — the action is induced by the action 
of Tg{x) on Tg{x) by conjugation. The central extension 

(12) Q^Ga^ig{x) ^Ug{x) ^Q. 



given by (3.4) can be viewed as an extension of local systems over AAg (in the 
orbifold sense, of course) where Ga is a trivial local system. Although we have not 
proved it yet, Ug(a;) should be a variation of MHS over M.g. So we should try to 
construct the MHS on tg{x) so that (IT^ ) is both an extension of local systems and 
an extension of mixed Hodge structures. This, and the fact that the bracket has to 
be a morphism of MHS, gives us no choice. We now carry this out this program. 

The first point is that we know that, since iJi(tg) does not contain any copies of 
the trivial representation, the central Ga is contained in [ig, ig\. The second is that 
by the computations in §8 of jT^ we know that the central Ga lies in the image of 
the map 

K^H,{ig)^Gr%ig 

induced by the bracket. So in order that the bracket be a morphism of MHS, the 
central Ga must be of weight —2. Since it is one dimensional, it has to be isomorphic 
to Q(l). 

Now fix a base point x of Mg. There is a corresponding Q-MHS on \Xg{x). To 
lift this MHS to ig{x), we have to give an element of 

Ext^(u<,(x),Q(l)), 
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where Ext-^ denote the Ext group in the category TL of 
Applying the functor Ext^ to the sequence 

VF_2U3(a;) -> Ug(x) 

we see that the natural map 

Ext^(ffiK(a;)),Q(l))- 

is an isomorphism. 



mixed Hodge structures. 
Ext^(u<,(a;),Q(l)) 



is a variation of Q-MHS over 
(9.1)]. Denote the category of 



Now let the base point vary. By (4.6), iJi(u 
J\4g (in the orbifold sense) of weight —1 — cf. |1 
admissible variations of Q-MHS over a smooth variety XhyTL{X) and the category 
of Q local systems over X by C{X). Then, by (8.4)], the the forgetful map 

(13) Ext^(^^)(i/i(ug),Q(l)) ^Exti(^^)(i?i(u,),Q(l)) -i/i(rg,i/i(ug)) 

is an isomorphismP] We will lift the MHS on Ug{x) to ig{x) using an element of the 
right hand group.^ We do this by producing an clement of the right hand group 
which corresponds to the central extension (|l2|). 

Denote the fcth term of the lower central series of tg(x) by tg(x)W. We can form 
the extension 

(14) ^ ig{x)^^^ /ig{xi''^ t.(x)/t,(x)(3) ^ H^{ig{x)) ^ 

As has been pointed out above, the image of lg{x)'''^^ /ig{xY'^^ in the central Ga in 
T^j.{x) is non-trivial. The kernel of the extension (|l^) is a rational representation 
of Spg. Since Hi{tg{x)) is irreducible, its second exterior power contains exactly 
one copy of the trivial representation. There is therefore a unique non-zero Spg- 
invariant projection 

t,(.T)(2)/t^(a:)(3)^G,. 

out along this map, we obtain a canonical element of 
E^t'c{MjH,{iig),Qil)). 
we obtain an element of 



If we push the extension (fi^ 



By the isomorphism (|13| 



,(i/i(u3),Q(l)) 



which allows us, for each point x of Aig, to lift the MHS on Ug{x) associated to x 
to a MHS on tg {x). 

Our last task is to show that the bracket is a morphism of MHS. We only need 
show that the bracket preserves the Hodge and weight filtrations. First observe 
that since is central and contained in W_2i the bracket preserves the weight 
filtration, and its restriction to VF_2tg(a;) is a morphism of MHS. It remains to 
show that the the bracket preserves the Hodge filtration. In view of these facts, it 
suffices to prove that 



[Fngix),FHg{x)] 







when p + q > —1. This is easily deduced from the the fact that the map 



[ , ] : A"i/i(tg) ^ Gr^2 tgix) G^ = Q(l) 



■^This group is one dimensional and generated by tlie Johnson liomomorphism, although wc do 
not really need to know this here — see |l8| (5.2)]. 

*The class we seek, not surprisingly, is the one corresponding to the Johnson homomorphism, 
and is half the class associated to the algebraic cycle C — C~ in JacC — see §8]. 
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induced by the bracket is a polarization of Hi(tg{x)) as it is Spg equivariant and 
non-zero by results in p7|, §7]. □ 



Remark 4.11. It follows immediately from (4.5) and (4.1C) that for each choice of 
base point in Mg^., the canonical morphism tg Derp^^(a;) is a morphism 

ofMHS. 

5. Review of Continuous Cohomology 

In this section, we briefly review the theory of continuous cohomology of discrete 
groups, which is mainly developed in [ p^ . It will be our principal tool in proving 
that Torelli has a presentation with only quadratic relations. As a warm up, we 
show how it can be used to give a new and simpler proof of Morgan's theorem 
that the complex form of the Lie algebra associated to the fundamental group of a 
smooth variety has a weighted homogenous presentation with generators of weights 
equal to those occurring in Hi{X), and relations of weight contained in those of 
H2{X). 

Define the continuous cohomology of a discrete group tt to be the direct limit of 
the rational cohomology of its finitely generated nilpotent quotients: 

where N ranges over the finitely generated nilpotent quotients of vr. There is an 
obvious natural homomorphism 

(15) H:,,i7T,Q)~.H'{n,Q)- 

If X is a topological space with fundamental group tt, then we also have a natural 
homomorphism 

H:,,{7t,Q) ^ H'{X,Q) 
as there is a canonical map -ff'(vr) H'{X). 

Proposition 5.1. If Hi{t:,Q) is finite dimensional, then the natural homomorph- 
ism is an isomorphism in degree 1 and injective in degree 2. □ 



This is really a restatement of the result of Dennis Sullivan which asserts that 
the Lie algebra of the 1-minimal model of a space is the Malcev Lie algebra of the 
fundamental group. A more direct proof can be found, for example, in jl^, (5.1)]. 
We present a new proof because it is elementary. 

Proof. The group H^{G,Q) parameterizes central extensions of G by Q. Suppose 
that a € 7J^ts(7r, Q) whose image in H'^{tt,Q) is trivial. Then there is a nilpotent 
quotient N oi w and an element a of H^{N, Q) that is a lift of a. There is a central 
extension 

(16) 1->Q^E^N^1 

corresponding to by a. The key point to note is that E is nilpotent. To say that 
the image of a is trivial in H'^{tt,Q) is to say that the puUback of the extension 
( p^ to TT is split. Composing a splitting of this projection with the projection of 
TT — > gives a homomorphism n E which lifts t: —>■ N. Denote the image of tt 
in E by A". It is easy to see that the pullback of the extension ( [T^ ) to N splits. 
Since A^ is a nilpotent quotient of tt, the class a vanishes. □ 
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Similarly, we can define the continuous cohoniology of a pronilpotent Lie alge- 
bra g to be the direct limit of the cohomology of its finite dimensional nilpotent 
quotients: 

where n ranges over the finite dimensional nilpotent quotients of g. 

A mild generalization of a theorem of Nomizu states that for each finitely 
generated nilpotent group TV there is a natural isomorphism 

where n is the Lie algebra of the Malcev completion of A^. It follows immediately 
from the definitions that if tt is a finitely generated group and p the associated 
Malcev Lie algebra, then there is a natural isomorphism 

The continuous cohomology of a pronilpotent Lie algebra g can be computed 
using the standard complex C*(g) of continuous cochains of g. This is defined to 
be the direct limit of the Chevalley-Eilenberg cochains of the finite dimensional 
nilpotent quotients of g. Denote the continuous dual of g by g*. Then we have a 
d.g.a. isomorphism 

r(g)=A- (g*[-l]); 

the differential is derivation of degree 1 whose restriction to g* is minus the dual of 
the bracket. 

The definition of continuous cohomology can be extended to the case where the 
coefficients are Q modules on which g acts via a representation of one of its nilpotent 
quotients — cf. [ p^ . 

Suppose now that i?i(g) is finite dimensional. If g has a MHS, then, by linear 
algebra, so do C*(g) and H'{q). We will call such a pronilpotent Lie algebra 
a Hodge Lie algebra. It follows that if X is an algebraic variety, x € X, then 
ff*jg(7ri(X, x), Q) has a canonical MHS. One can show that this MHS does not 
depend on the base point x oi X — . 

Since the weight filtration of a MHS splits canonically over C, each finite di- 
mensional Hodge Lie algebra g is canonically isomorphic to the graded Lie algebra 
Gt^ g after tensoring with C. The following result therefore follows by taking 
inverse limits. 

Proposition 5.2. If q is a Hodge Lie algebra, all of whose weights are negative, 
then there is a canonical Lie algebra isomorphism 

i>i 

Since each choice of a base point of A^^ ^ determines a canonical MHS on tg 
we have: 

Corollary 5.3. For each choice of a base point of M^^, there is a canonical iso- 
morphism 

1>1 

The following result is proved, for example, in |]l^ (11.7)]. In Section ^ we will 
prove a generalization needed for studying the relations in tg. 
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Theorem 5.4. If X is a smooth algebraic variety, then the natural homomorphism 

is a morphism of mixed Hodge structures. 

The final two results in this section together will allow us to use continuous 
cohomology as an effective tool for studying relations in Hodge Lie algebras in 
general, and tg in particular. 

The cochains, and therefore the cohomology, of a graded Lie algebra both have 
an extra grading, and are therefore bigraded algebras. If g is a Hodge Lie algebra, 
then Gr^ g has an extra grading is by weight. Since the functor Gr'^ is exact on 
the category of MHS, we have: 

Proposition 5.5. If q is a Hodge Lie algebra, then there is a canonical bigraded 
algebra isomorphism 

If g is a graded Lie algebra with negative weights, then we can write g as a 
quotient of the free graded Lie algebra f generated by ffi(g) modulo a homogeneous 
ideal r. Note that we are not assuming that J^i(g) is pure — in general it will be 
graded. The group 

77o(f/r)-r/[f,r] 

is graded. One can obtain a minimal set of relations of g by taking the image of 
any splitting of the projection 

The following result is an analogue of Hopf 's description of the second homology 
of a group in terms of a presentation. 

Proposition 5.6. If q is a graded Lie algebra with negative weights, then there is 
a canonical isomorphism of graded vector spaces 

Proof. There are several ways to see this. One is look closely at the Chevalley- 
Eilenberg cochains of g. The second is the use the fact that a sub-Lie algebra of a 
free Lie algebra is free (2.5)] to deduce that, as a Lie algebra, r is free. Then 
apply the Lie algebra analogue of the Hochschild-Serre spectral sequence to the 
extension 

O^t^f ^g^O. 

The details are standard and are omitted. □ 



Corollary 5.7. If g is a graded Lie algebra with negative weights, then there is an 
infective linear map 

of graded vector spaces such that g has presentation 

L(i7i(g))/(im5) 
in the category of graded Lie algebras. 



Combining (5.2), ( p.7| ) and the existence of a canonical MHS on the Malcev Lie 
algebra g(X, x) associated to a pointed variety, we obtain one of Morgan's theorems 
il (10.3)]. 
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Theorem 5.8. If X is a smooth complex algebraic variety and x G X , then then 
the complex Malcev Lie algebra q{X,x)c associated to t:i{X,x) has the property 
that 

q{X,x)c^'[[GtZsc 

i>i 

and there is a homomorphism of graded vector spaces 
such that 

Gri^ gc = L(Grr Hi{X, C))/{6{Gr^ H2{X, C))) 
in the category of graded Lie algebras. □ 

6. Remarks on the Representations of 5pg 

In this section we review some basic facts from the representation theory that 
we shall need in subsequent sections. A good reference is |T^ . 

Denote the Lie algebra of Spg by spg. The representation theory of the group 
and the Lie algebra are the same. Denote their common representation ring by 

R{BPg). 

Choose a symplectic basis ai , . . . , ag , 6i , . . . , 5g of the fundamental representation 
of spg. Denote by \) the torus in spg consisting of matrices that are diagonal with 
respect to this basis. Choose coordinates t — (^i, . . . ,ig) on f) so that 

t ■ Oi ~ titti and t ■ hi = —tjbi. 

The subalgebra of positive nilpotents n has basis the elements 5'ij , [i < j), Ti, and 
FiJ: ^ j) of spg, where 

— o-i, Sij{bi) = —bj, S'ij- (other basis vectors) = 0, 
Ti{bi) — Ui, Ti (other basis vectors) — 0, 
Fi.j{bi) = flj, Fi,j{bj) = fli, i^i.j (other basis vectors) = 0. 
A fundamental set of weights of spg is Aj : () ^ M, 1 < j < g, where Xj is defined 

by 

\j{t) = <i +i2 H htj. 

The irreducible representations of spg correspond to positive integral linear com- 
binations A of the Xj. Denote the irreducible representation of spg with highest 
weight A by V^(A). 

The irreducible representations of spg can also be indexed by partitions a of an 
integer n into < g parts: 

n = ai + a2 + ■ ■ ■ + ag 

where 

ai > ct2 > • • • > ttg > 0. 
The irreducible representation corresponding to a has highest weight 

3 

We shall denote the integer 

s g 

k=l k=l 
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by |a| or by |A| according to whether we are using partitions or highest weights. 
This can be considered as a measure of the size of the corresponding irreducible 
representation; it is the smaUest positive integer d such that V{X) occurs in the dth 
tensor power of the fundamental representation. 

There is a notion of stability of the decomposition of tensor products and Schur 
functors of representations of symplectic groups. In order to state the result, we 
need to first define the depth, S{V), of a representation V of spg. If the module is 
irreducible with highest weight J2''^kXk, define S{V) to be the largest d such that 
rid ^ — or equivalently, it is the number of rows in the corresponding Young 
diagram. Define the depth of an arbitrary representation to be the maximum of 
the depths of its irreducible components. 

In order to discuss stability, we will need a stabilization map. When h > g, 
define a group homomorphism 

i?(spg) R{5ph) 

by taking the irreducible representation of spg corresponding to the partition a to 
the representation of sph corresponding to the same partition. Equivalently, take 
the representation of spg with highest weight ^ Uk Xk to the representation of 5ph 
with the same highest weight decomposition. 

Recall that to each partition /? of a positive integer n, one has a Schur functor 
defined on the category of representations of each group. For example, if (3 = [n], 
then Eif3 is the nth symmetric power, if /3 = [1"], then Sfj is the nth exterior power. 
We shall denote the integer n by \(3\. 

The second assertion of the following stability result appears to be folklore — 
the only proof I know of is in Kabanov's thesis. 

Theorem 6.1. 1. p. 424] j // V and W are representations of spg and 

6{V) + 6(W) < g, then the irreducible representations and their multiplicities 
occurring in the decomposition oJV ®W is independent of g. 
2. — see also ||2^ j If V is a representation of spg and (3 is a partition with 

|/3|<^(^) ^ 9j then the decomposition of SpV into irreducible components is 
independent of g. 

□ 

Remark 6.2. Some of the computations of highest weight decompositions in this 
paper have been made using the computer program LiE from the University of 
Amsterdam. The computations were performed for a particular g in the stable 
range. The stability theorem was then used to deduce the decomposition for all g 
in the stable range. Note that all such computations were checked using several 
values of g in the stable range. In addition, many of the unstable computations 
were done using LiE. 

By composition with the canonical homomorphism 

^ SpgiQ) 

we see that each representation V of spg gives rise to a local system over M^^., 
at least in the orbifold sense. It is a standard fact that each such local system 
arising from an irreducible representation of spg is an admissible variation of Hodge 
structure over Alg^^ i'^ ^ unique way up to Tate twist — cf. (9.1)]. It can always 
be realized as a variation of weight jA], and we shall take this as the default weight. 
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We would like to discuss the cohomology of JVV^ ^ with coefficients in such a local 
system. To do this, first choose a level I such that Fg is torsion free. Then A4g ,,[^] 
is smooth and the variation of Hodge structure V corresponding to an irreducible 
representation V of Spg is defined over A^^ ^[^] and has a natural Spg{Z/lZ) action. 
From the work of M. Saito |0 , we know that H'' {A4g ^ [^] > ^) ^ canonical mixed 
Hodge structure with weights > fc + weight (V). The action of Spg{Z/lZ) preserves 
this MHS. So we can define 

H'iMl,,Y) = H°iSpg{Z/lZ),H'{MlM^))- 
as a MHS. Note that the underlying group is canonically isomorphic to H'{Tg^^, V). 

7. Continuous Cohomology of Torelli Groups 

The next step in finding a presentation of t^^ is to determine the relations in 
Gr^ tg J.. Since this is a graded Lie algebra generated in degree —1, the generators 
of the ideal of relations is homogeneous. In this section we will use a result of 
Kabanov (see also |Q ) about the second cohomology of F^ ^ to show that the 
ideal of relations in Gr tg ^ is generated by quadratic and cubic generators when 
5 > 3, and quadratic relations alone when g > 6. Our principal tool will be the 
continuous cohomology defined in Section ||. 



First some notation. Take X and V as in the statement of (4.1). Denote the Lie 
algebra associated to the prounipotent radical of the completion of tti (X, x) relative 
to p by u(a;). This is a Hodge Lie algebra. The next result is a generalization of 
(0). 

Proposition 7.1. Suppose that W is an admissible variation of Hodge structure 
over X which is a subquotient of a tensor power of V. Then for all k > and each 
X X , there is a natural homomorphism 

H°{X,H^,Mx)) ® W,) ^ H''{X,W) 

which is a morphism of MHS. It is an isomorphism when k = I and injective when 
k^2. 

Proof. The case fc = 1 is proved in (10. 3), (13. 8)]. We will prove the result 
when fc > 1 by induction. The most important case for us is when fc = 2, so we 
will give that argument in more detail and briefly sketch the remaining cases. We 
will assume throughout that the reader is familiar with |l9|] . A convenient auxiliary 
reference for rational homotopy theory is |lj, §2]. 

We begin by recalling some well known facts from rational homotopy theory. 
The base point x G X determines an augmentation 

6, :i?f'„(X,0(P))--R, 

where P is the principal bundle defined in [ pj| , §4]. We shall write O instead of 
0{P). We can form the bar construction 

B{E',„XX, O)) := i3(M, Sf'jX, 0),K) 

where both copies of R are regarded as E*^,^ {X, O) modules via Ex- The Lie algebra 
u(a;) is determined by B{E'-^{X, O)) as follows: the dual 

i/°(B(£;f-„(X,0))) 
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is a complete Hopf algebra, u(a;) is its set of primitive elements. (See, for example, 
|l4| (2.4.5) and §2.6].) There is an augmentation preserving d.g.a. homomorphism 

(17) r(u(x)) (x,o), 

unique up to homotopy, which induces the map 

on homology. The map 9 is an isomorphism in degree 1 and injective in degree 2.^ 
There is a canonical isomorphism 

H''{X,W) ^ H^{X, H''{E^„^{X, 0)) W) 

of MHSs for each VHS W over X whose monodromy representation is the puUback 
of a rational representation of Aut{Vo,q) via the representation p. Since u{x) has 
a canonical MHS, and since E*^^{X,0) is a mixed Hodge complex, each of the 
domain and target of 9 have a canonical MHS. To prove the result, we need only 
prove that 6* is a morphism of MHS. 

First we give an intuitive proof. The image of the map 

9^:HUn)^H^{E;,^iX,0)) 

is the subspace of the right hand side generated by the cup product H^®H^ H^, 
all Massey triple products of 1-forms, all Massey quadruple products of 1-forms, 
etc. Since the cup product and all Massey fc-fold products have domain which is a 
sub-MHS of ®^H^ and are themselves morphisms, it follows that the image of 6*^ 
is a MHS. That 9^ is a morphism follows as 9^ is an isomorphism of MHS. One can 
continue in an analogous fashion to prove that each 9^ is a morphism. 

We now make this argument precise. The spectral sequence associated to the 
standard filtration of the bar construction is called the Eilenberg-Moore spectral 
sequence (EMss): for an augmented d.g.a. A' with connected homology, it takes 
the form 

E-''' ^[®'H+{A)\* =^ H*-'{B{A)). 

Denote the EMss associated to C(u)' by {Er{u)} and the EMss associated to 
i?*„(X,0) hyjEriX)}. 

The map (|^ induces a morphism of Eilenberg-Moore spectral sequences. Each 
of these is a spectral sequence of MHSs as both the domain and target of ( |l7|) are 
mixed Hodge complexes, but we have to prove that the map between them is a 
morphism of MHSs. This is the case in total degree as iJj"*'^ is ^"H^ and 9^ is 
an isomorphism of MHS. 

It is a standard fact that 

H^{B{C'{u))) = 

when fc > 0; cf. (2.6.2)] and Therefore, the E^^'^ term of the associated 
EMss vanishes. (This is a precise way to say that H^^g{u) is generated by Massey 
products.) The edge homomorphisms 

H^,,iu) = E-'^'^{u)^E-'^'^{u) 

are all surjective. Let be the inverse image in H^^.^{u) of the image of 

: e;:','+'-'{u) ^ e;\'{u). 

^In the language of Sullivan |5o| , the map ( p^ is the 1-minimal model of E'^^{X, O). 
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Then the fact that the higher cohomology of B{C*{u)) vanishes imphes that when- 
ever k > 2 

ffl(u) = |jM;. 

r 

Since the spectral sequence is a spectral sequence of MHS, each is a sub-MHS 

Since both spectral sequences are spectral sequences of MHSs, it follows that the 
image of 

is a sub-MHS and that 0'^ is a morphism of MHS. 

If fc > 2, one can assume by induction that 0™ is a morphism whenever m < k. 
It follows easily that the natural map 

is a morphism of MHS whenever —s+t < k — 1, and therefore that its image is a sub- 
MHS of E^'^^'^ {X). But since these spectral sequences are spectral sequences in the 
category of MHSs, and since El^^''^{u) vanishes, it follows that 6'^ is a morphism. □ 

Remark 7.2. This is a continuation of Remark The previous result implies that 
Ui[l] is a free pronilpotent group as SL2{'Z)[l] has a free subgroup of finite index, 
which implies that H'^{Mi[l], S"V) vanishes for all n. It follows that H-^{ui[l]) 
vanishes and from (^^) that Ui [I] is free. 



We thus have the following version of (7.1) for moduli spaces of curves 



Proposition 7.3. // 3 > 3 and V is a variation of Hodge structure over -Mgr 
whose monodromy representation comes from a rational representation of Spg, then 
for all k, there is a natural map 

H^iSpg,H^,,{ul,ix)) ® V^) ^ H>^{Ml,,W) 

which is a morphism of MHS. Here denotes the fiber 0/ V over x. □ 

This yields the following useful result about differentials in the Hochschild-Serre 
spectral sequence associated to the group extension 

(18) 1 ^ T", ^ ^ Spg{Z) ^ 1. 

If we take coefficients in the irreducible representation V{X) of Spg, this spectral 
sequence takes the form 

E'/ = H%Spg{Z),H\T^^^.)®V{X)) =^ H^+\Tl,,V{X)). 

Corollary 7.4. For each X, the image of the composite 

H°{Spg,Hl^{il,)®V{\))^H\Spg{Z),H\T-,)®V{X))=Er 
is contained in E^ . 

Proof. The result follows immediately from the fact that the diagram 

H"{Spg, ® V{X)) > H^iSpg, HU^-) ® V{X)) 



i/2(r" , V{X)) > H\Spg{'L),H\Tl\,) V{X)) 
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commutes, where the top map is the surjection induced by the projection of ^ 
onto Ug J., the right hand vertical map by the canonical map 

described in Section ^ the bottom map is the canonical restriction map, and the 
left hand vertical map is the one given by ( |7.3| ). This assertion can be proved 
using the constructions in [ p^ §4] by restricting to a leaf in the principal bundle 
P — > A^g r associated to the representation (||). In this case, each leaf is a copy of 
the classifying space of T^^. □ 

Actually, we have proved a stronger statement than asserted. The stronger claim 
will be stated in §|lj. 

Denote the fiber over x G r of the variation of Hodge structure V(A) corre- 
sponding to the irreducible representation ^(A) of Spg by V{X)x- 

Corollary 7.5. If g > 3, then for each irreducible representation V{\) of Spg, 
there is a canonical monomorphism of MHS 

H°iSpg,H^,,itl,ix))®ViX),) ^ H\Ml,.y{\)). 

Proof. We first prove the existence of the homomorphism. Injectivity will then 
follow directly from (7.1). It follows from (3.4) and ||l^, (5.5)] that the sequence of 
Spg modules 

^ Q(l) ^ HUuIAx)) ^ Hl,{il,{x)) ^ 
is an exact sequence of MHSs. It follows that the natural map i/^jg(Ug^(a:)) 
H^^s(tg j.{x)) is a surjective morphism of MHS. According to (|7.3|), the map 

is a morphism of MHS. So to construct the homomorphism, it sufhces to show that 
this map factors through the quotient map 

We first assume that A 0, Ai,A3. Consider the Hochschild-Serre spectral se- 
quence 

E'/ = H%Sp,{Z),H\T-,)®V{X)) =^ H^+\ri,,V{X)). 

By (U), E^-* vanishes when s < 1 and i < 2 provided 5 > 3 (cf. ||l|, (5.2)]). It 
follows that 

i?2(r«„V(A)) = if"(5p,(Z),i/2(T«j 0T/(A)). 
The result now follows from ( ^.1[ ). 

When A = A3, we have E2' = Q (cf. |jl^, (5.2)]), so there is a possibility of 
having a non-trivial differential d2 ■ i?2'^ ~> ^2'^. But by (7^) this cannot occur. 
The argument is completed as in the previous case. The case of Ai is proved in the 
same way. 

Finally, we consider the case of the trivial representation. In this case, we have 

2 1 3 2 

E2' = E2' =0, but E2' = Q. It follows that we have an exact sequence 

^ Q ^ H'{ri^, Q) ^ H°{Spg{Z),H'{T;;^^)) ^ 0. 

The result in this case now follows using the exact sequence in the first paragraph 
of this proof. □ 

Denote the A isotypical part of an Spg module V hy V\. 



26 



RICHARD HAIN 



Corollary 7.6. If g > 3 and A is a dominant integral weight of Spg, then 

dimGi7 HUilr)^ < dim Gr^;^^^H^ (Ml,, YW). □ 

So, in order to bound the degrees of the relations in t^^, it suffices to give a 
bound the weights on i7^(A^g ^, V(A)). In the absolute case we have the following 
result of Kabanov ^ which is proved using intersection homology. 

Theorem 7.7 (Kabanov). For each irreducible rational representation V{X) ofSpg, 
we have 

when 

{k ^ 2 when g > 6; 
k^2,3 when3< g <6. 

Combining Kabanov's result with the previous results, we obtain: 

Corollary 7.8. If g > 3, then Gr^ tg has a presentation with only quadratic and 
cubic relations, and only quadratic relations when g > 6. □ 

It is now an easy matter to insert the decorations: 

Corollary 7.9. Ifg>3, then Gr^^ t" has a presentation with only quadratic and 
cubic relations, and only quadratic relations when g > 6. □ 

8. The Lower Central Series Quotients of a Surface Group 

In this section we gather some information about Gr that will be useful when 
computing relations in Grtg and Grt^. Our basic tool, once again, is continuous 
cohomology. 

A group is called pseudo-nilpotent if 6 is an isomorphism. A proof of the following 
result is sketched by Kohno and Oda in (4.1)]. 

Theorem 8.1. If g > 1, then tt^ is pseudo-nilpotent. □ 

Even though we will not be needing it, we record the following result which is 
stated by Kohno and Oda (4.1)]. Their proof is incorrect — cf. (2.2). Nonethe- 
less, the result follows directly from (8.1) and ||l^, (5.7)]. 

Corollary 8.2. If g ~ and r > 1, or if g > 1, then, for all n > 0, each of the 
decorated pure braid groups F^^ is pseudo-nilpotent. □ 

Since Hi{p]^) is the fundamental representation of spg, Gr^pJ is a graded Lie 
algebra in i?(spg), and its complex of chains A* Gr^ p^ is a complex in i?(spg). 

We shall write pg instead of pj, and vTg instead of tt^. We shall denote the Ith 
weight graded quotient of a Hodge Lie algebra g by q{1). In particular, we shall 
denote Gi^ip] by pg(Z). 

Corollary 8.3. If g > 1, then, for each I > 3, the complex 

GrZ A* Gri^ Pg 

is an acyclic complex of spg modules. When 1 = 2, we have an exact sequence 

0^Q(l)-^A2pg(l)^Pg(2)^0 

of spg modules. □ 
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This resuh allows us to compute the pg{l) inductively as elements of i?(spg). As 
before, we fix a set Ai, . . . , Ag of fundamental weights of spg. 

Proposition 8.4. For all g > 3, the highest weight decomposition of pg{l) when 
1 < I < 4 is given by 



V{X2) 

ViXi + X^) 

,T/(2Ai) + V^(2Ai + A2) + V{Xi + A3) 



when I 


= 1; 


when I 


^ 2; 


luhen I 


= 3; 


when I 


= 4. 



Proof. This is a straightforward consequence of ( p.3[ ). To show how this works, we 
prove the case where I — Z. In this case, we have the exact sequence 

^ k^Pg{l) ^ Pg{l) ® Pg{2) ^ Pg(3) ^ 

in R(5pg). Taking euler characteristics and applying the result for I — 2 and g > 3, 
we see that 

Pg(3) = V{Xi) V{X2) ~ A^V{Xi) = V{Xi + A2). 

□ 

Since the fcth exterior power is the Schur functor corresponding to the Young 
diagram with k rows and one box in each row, and since pg(l) = Hi{'Kg) is the 
fundamental representation of spg, we obtain the following stability result for the 
graded quotients of the lower central series of iTg. 

Corollary 8.5. The highest weight decomposition ofpg{l) is independent of g when 
l>g. □ 

9. The Action of on pg 

In this section we obtain a lower bound for the size of Gr^ tg when / = 2, 3 and 
5' > 3 by studying the action of on pg. This will provide an upper bound on 
the size of the quadratic and cubic relations of Gr^ tg. Related results have been 
obtained Asada-Kaneko Morita |^ and Asada-Nakamura Q. We also use a 
result 1^ of Asada and Nakamura to prove that tg is infinite dimensional. (This 
fact also follows from a recent result of Oda |^.) 

First, some notation. Denote the pronilpotent Lie algebra iy_iDerpg by Og, 
and the quotient of this by inner automorphisms by Og. Once a base point x of Aig 
has been chosen, each of these acquires the structure of a Hodge Lie algebra. 

We have natural representations 

Ug dg and Ug ^ Og. 

These induce homomorphisms of their associated graded Lie algebras. 
It is clear that there is an injective homomorphism 

t)g(0--HOm(Pg(l),PgG + l)). 

Each element 6 : pg(l) pg{l + 1) determines a derivation 6 of the free Lie algebra 
L(pg(l)), the second graded quotient of which is isomorphic to pg(2) ® Quj, where 
Quj is the unique copy of the trivial representation in A^pg(l). By taking the image 
of S{lu) under the projection 

L(Pg(l))^GrrPg, 
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we obtain an element (Tg{S) of pg{l + 1). Observe that 5 induces a derivation of 
Grpg if and only if crg{S) vanishes. We therefore have a surjection 

dg ^ ker {llom{Pg{l),Pg{l + 1)) ^Pg{l + 2)Y 
Proposition 9.1. The map a is surjective. Consequently, 

dgil)=\,gil)^\>g{l + l)-Pg{l + 2) 

in R{5pg). 

Proof. Consider the diagram 

H0m(Pg(l),PgG + l)) Pg{l + 2) 



where the left hand vertical map is induced by the quadratic form w = ^ A &i. 
This diagram commutes as the left hand map satisfies 

5 ^ fli ® 6{bi) — hi® S{ai), 

which goes to 

1=1 

under the bracket. Since the bottom map is surjective and all maps are spg equi- 
variant, the result follows. □ 



Combi ning this with the computation of the first few graded quotients of p 



g 



given in (8^), we obtain the following result. 
Corollary 9.2. For all g > 3, we have 

{^(A3) + V^(Ai) when 1 = 1; 

V{2X2) + V{X2) when I = 2; 

V{2\i + A3) + V{Xi + A2) + y(3Ai) when I = 3. 

□ 

The computation of is simply another formulation of the Johnson homo- 

morphism. 

It is proven in A', p. 149] that the center of Grpg is trivial, so that the 
inclusion pg — > dg of the inner automorphisms is injective. 

Proposition 9.3. For all g >i and all I > 1, Og{l) = dg{l) — pg{l). □ 



Combining (8^) and ( |9.2| ), we obtain the following computation. 
Corollary 9.4. For all g > 3, we have 

(ViXs) when I = 1; 

¥{2X2) when I = 2; 

l/(2Ai + A3) + T/(3Ai) when I = 3. 



□ 
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It does not seem obvious a priori, that tg is infinite dimensional]^ 

Proposition 9.5. For all g >S, the image of tg in Og is infinite dimensional. 

Proof. Since tg ^ Og is a morphism of MHS, the image g has a MHS. Since Gr^ 
is an exact functor, 

Gr"^ g = image of {Gr^ tg ^ Grf Og}. 

So it suffices to show that each graded quotient of g is non-trivial. It follows from 
the result Asada and Nakamura Theorem B] that the image of 

contains the representation V{2mXi + A3) when / = 2m + 1, and V{2mXi + 2X2) 
when I = 2m + 2. These representations both have the maximal possible depth, 
I + 2. But the inner automorphisms pg{l) in c)g(/) have depth at most I. The result 
follows. □ 

We can now bound below the low degree relations in tg. 

Proposition 9.6. For all g > 3, the image of \Xg{l) in Og{l) is 

V^(A3) when I — 1; 

¥{2X2) when I = 2; 

V^(2Ai + A3) when I = 3. 

Proof. It follows from ( |9.5|) that when 5 > 3, the image of Ug(Z) — > Og(/) is non- 
trivial for all I. Since this map is spg equivariant, the image of Ug(2) must be all 
of 0g(2). Since Gr^Ug is generated by Ug(l), and since F(3Ai) does not appear in 
Ug(l) ® Ug(2), the assertion for Z = 3 follows. □ 

Note that the copy of y(3Ai) is detected by Morita's trace |4^ . 



10. Quadratic Relations 

In this section, we find some obvious quadratic relations in tg for each g > 4. 
These give a lower bound for the relations in tg. Serendipitously, this coincides 
with the upper bound ( |9.6| ) derived in the previous section, thus yielding all the 
quadratic relations. 

Theorem 10.1. For all g > 3, we have 

Gr^2 = Gr^2 = ^(2A2) + ^(0). 

The proof occupies the rest of this section. We prove the result by finding a pair 
of commuting elements (f> and ip of the Tg whose class 

t(<^) A t(<^) e AV(A3) 

generates the Spg complement of ¥{2X2) + V{0) for all 5 > 3. Since we know, by 
(^), that the quadratic relations are contained in the complement of V{2X2)+V{0), 
we have found all quadratic relations. 



This result also follows quite directly from a result of Oda [ 
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Lemma 10.2. If g>i, then 

A2F(A3) - 

' V{K) + V{\i) + V{\2) + V{\2 + A4) + V{2\2) + V{Q) when g > 6 

V{\i) + V{\2) + V{\2 + A4) + V{2\2) + V{Q) when g = 5 

V{X2) + V{X2 + A4) + V{2X2) + V{0) when g = A 

y{2X2) + V{0) when g = 3 



□ 



From ( 4.10 ), we know that 1^(0) occurs in ig(2). By ( p.q ) and the previous 
proposition, there is nothing to prove when g = 3. So we suppose that g > 4. 
We use the notation introduced in Section |^. Set 

LU = aiAbi + -- -+ agAbg. 

Proposition 10.3. When g > 3, there are elements <j)ij, l<i<j<gof the 
Torelli group whose image under the Johnson homomorphism 

rg:H,{Tg)^V{X,) 

is given by 

{g - l)Tg{cf)^j) = {g - l)ai A aj A fej - a, A w 
Here we are viewing T^(A3) as a submodule of A^V{Xi). Moreover, we can choose 
them such that 0i 2 and ^3 4 commute when g > 4. 

Proof. For 1 < i < J < 5 is easy to construct elements (f)ij of the pointed ToreUi 
group Tg with 

Tgi<|}^,j) = a^A aj A bj e A^ViXi). 
(To compute : Hi{Tg) A^V{Xi), use Johnson's original definition in terms of 
the action of on iTg.) 



It is also easy to arrange for 0i^2 and ^3^4 to have disjoint supports, and therefore 
commute. To compute Tg{(f>i,j) G V^X^), we just use the fact that the maps 

_Auj: V{Xi) A^V{Xi) 

and 

p:A^V{Xi)~^ViX,) 
defined hy p{x Ay Az) — q{x,y)z + q{y, z)x + q{z,x)y are sp^-equivariant and satisfy 

p o (_ A Lj) = (.g - 1) id. 
It follows that V{X3) is the kernel of p and that 

{g - l)Tg{4>i^j) = (g - l)ai A aj A bj - Oi Au. 



INFINITESIMAL PRESENTATIONS OF THE TORELLI GROUPS 



31 



□ 

Take (p = 01^2 and V' = 03,4- Since these commute, 
will lie inside the spg module of quadratic relations. Denote the spg submodule of 



A^ViXa) generated by v by V. By (10.3), 



V = [{g — 1) ai A a2 A 62 — ai A w] A [(.g — 1) 03 A 04 A 64 — 03 A w]. 

Recall that elements of spg act on exterior powers as derivations. Note also that 
for all X € spg, Xlo = 0. We now compute the highest weight decomposition of V . 

A2 + A4: Apply F2,3, then Fi,4, then T2,3 to v to get 

[g - lf[ai A a2 A 03] A [ai A 02 A 04] G K^K^V{\i) 
which is a highest weight vector on which [) acts via the character 

A2 + A4 = (tl + t2) + (<1 +^2+^3+ U)- 

To decompose the rest of V , consider the spg-equivariant map 

AV(A3) K^K^V{Xi) -> M^V{\i). 

Denote the image of V under this map by 14^. It is spanned by the image of v in 
A^y(Ai). For the time being, we suppose that 3 > 6. 
Ag: In this case, the image of w in is 

w :— {{g — 1) ai A a2 A 62 — fli A w) A {{g — 1) 03 A a4 A ^4 — a3 A uj). 

To find a highest weight vector for the representation it generates, first apply -Pj.s, 
then Fifi to this vector to get the highest weight vector 

{g — l)^ai A 02 A a3 A a4 A 05 A flg 

of W on which [) acts via the character 

Ae = ^1 + ^2 + ^3 + ^4 + ^5 + ^6- 

To show that the weights A2 and A4 occur in y, it is useful to recall that for all 
k > 2, there is an spg equivariant projection 

(19) Ok : A'^ViXi) ^ A''-^V{Xi) 

which is defined by 

XiA-.-Axki^ ^ {-iy^^'^^q{xi,Xj)xi A . . . AXi A . . . A Xj A . . . A Xk- 

l<i<j<k 



A4: The image of V in A''y(Ai) is generated by Oq{w) which is 
(5 - l)^ai A a3 A (02 A 62 + 04 A 64) - (5 - l){g - 3) ai A 03 A (a2 A 62 + a4 A 64) 
~2{g - 1) fli A a3 A w - 2{g - 2) ai A as A u; 
= 2{g - 1) ai A 02 A {a^ A 63 + a4 A 64) - 2 ai A 02 A uj. 
Applying F^^, then 54^6, one gets the highest weight vector 

2{g — 1) fli A 02 A 03 A a4 
on which () acts via the character A4 = <i + i2 + ^3 + ^4- 
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A2: The image of V in A'^V{Xi) is generated by the image under 64 of 9e{w). This 
is 

4(5 — 1) fli A 03 — 2((7 — 2) oi A 03 = 2g ai A 03. 
Apply 52,3 to this to get 2g ai Aa2 upon which f) acts with highest weight A2 — ti+t2. 

We sketch the remaining cases g = 4, 5. When g = 5, W is generated by the 
vector 

{g — 1) (ai A a2 A 03 A 62 ~ fli A 03 A 04 A 64) A uj. 
By contracting with g as above, it is easy to see that this vector generates a sub- 
module of 

w A AV(Ai) ^ AV(Ai) 

isomorphic to V^(A4) + y(A2). 

When g = 4, W is generated by ai A 03 A w^. Again, by contracting with q, it is 
easy to see that this vector generates a submodule of 

A AV(Ai) C AV(Ai) 

isomorphic to V^(A2). 

Remark 10.4. Note that we have determined the quadratic relations for all 5 > 3. 
One should be able to determine the cubic relations when 3 < (7 < 5 by applying 
similar methods and the fact that the Dehn twist about the separating curve C 
below commutes with the bounding pair map associated to the curves C" and C". 
The Dehn twist about C is in the kernel of the Johnson homomorphism, but has 
non-trivial image in the second graded quotient of tg. Note that there have to be 



cubic relations in genus 3 as there are no quadratic relations, and there has to be 
one copy of ^(As) in the cubic relations to ensure the existence of the central Ga- 
ll. Presentations of tg, tg^i and 

Recall that h{V) denotes the free Lie algebra generated by the vector space V. 
In this section we shall give presentations of tg, and tg^i when g > 6. First tg — 



combining ( |9.6| ), (10.1) and (10.3), we have: 
Theorem 11.1. For all g > 6, Gr^ tg is isomorphic to 

UV{\3))/Rg 

as a graded Lie algebra in i?(spg), where Rg is the ideal generated by the quadratic 
relations 

V{K) + F(A4) + V{\2) + V{X2 + A4) C k^V{\:,). □ 
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Since tg 55 C = Gr; tg C, this gives the desired presentation of tg for g > 6. 
We next consider tj. Fix a point [C; x] of Ai^ so that and pg have canonical 
MHSs. Then the sequence 

pi -> ti ^ tg ^ 
is an exact sequence of MHSs. Since Gr^ is an exact functor, the sequence 
^ Gy'^pI ^ Gr^t^ Gr^tg ^ 

is exact in R{spg). Since the sequence of Hi's is canonicaUy spht in R{spg), there 
is a canonical lift 

L(i7i(t,))^GrrtJ 

of the natural homomorphism L(iJi(tg)) Gr^^^tg. Since pg{2) is isomorphic to 
V{X2), and since this representation docs not occur in tg(2), we can take the A2 
component of the bracket 

A'Hi{tg)^A^Hi{tl)^tli2) 
to obtain an spg module map 

(20) c:A^Hi{tg)^Pg{2) = V{X2). 
This and the map 

(21) Hliig) HliPg) ^ Pg{2) 

induced by the bracket completely determine Gr^ tg given Gri^tg and Gr^^Pg. 
The map ( |2l] ) is simply the adjoint of the Johnson homomorphism 

Tgi : Hiitg) ^ A^V C Hom(iJi(Pg),Pg(2)). 

So, to give a presentation of tg , we have to determine the map ( po| ) . We do this by 
studying the action of h{V{\3)) on h{V{\i)). 

Set V = V{Xi). We identify V with Hi{C) and Hi{T^) with A^V via the 
Johnson homomorphism. Recall that ^(Aa) can be realized as the kernel of the 
map p : A^V ^ V defined by 

(22) p : Vi A V2 /\V3 ^ {vi ■ V2)V3 + {V2 ■ V3)vi + {V3 ■ Vi)v2- 

We identify Hi{Tg) 9i A^V/V with ^(As) via the map 

ViXs) = kerp^ A^V A^V/V. 
The natural action of A^V on h{V) is defined by 

ei A 62 A 63 1-^ - {w (ei • w)[e2, 63] + (e2 • w)[e3, ei] + (63 • t;)[ei, 62]} 

e Hom(y, A^y) C DerL(y). 

(With this choice of sign, ^ x A A bj t-^ ad(a:).) It follows from the definition of 
the Johnson homomorphism that the composite 

HiiTg^i) ^ A^V ^ Hom(y, AV) 

is the map induced by the action of Tg.i on T^g.i- The action descends to the action 
of Gr^ti onGr^Pg. 

Define a projection r : A'^V{X3) — > T^(A2) to be the composite 

AV(A3) A^A'V AV ^ AV ^ y(A2) 
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where 9k is the contraction ( |19| ) defined in the previous section, and the last map 
is the standard projection 

u /\v ^ u /\v ~ {u ■ v) LJ / {g — 1). 

Since there is only one copy of V{\2) in K^V{\-i), this projection is unique up to a 
scalar. 

Proposition 11.2. The map is given by 

4u,v] = -^^i-^ad(r(MAv)) eHom(i/i(pg),Pg(3)). 
In particular, this map is non-zero, and the extensions 

^ pg ^ tl Ig and ^ pg ^ Ul ^ Ug ^ 

are not split. 

We now sketch the proof. Denote the degree k part of the free Lie algebra h{V) 
by h{V){k). Recall that there is a standard exact sequence 

^ A^V -^V(S A^y A L(y)(3) ^ 0. 
The first map is the "Jacobi identity" map 

j : Vi A V2 ^ V3 t-^ Vi (E) V2 ^ V3 + V2 ^ V3 A Vi + V3 ^ Vi A V2, 

and the second map is the bracket. (We are identifying h{V){2) with A^V in the 
standard way.) 

Lemma 11.3. The bracket [ei A 62 A 63, /i A /2 A /s] of two elements of A^V as 
derivations of L(V^) is obtained by summing the expression 

(ei • /i)(e2 ® [eg, [/2, /a]] - 63 ® [e2, [f2, fs]] + f2<E> [fs, [e2, 63]] - /a ® [/2, [e2, 63]]) 

eV(g>h{V){3) ^ Hom(l/,L(t/)(3)) 

cyclically in (ei, 62, 63) and in (/i, /2, /a)- □ 

We shall view this expression as an element of (V (8) F (8) A^F) / (F (g) A'^F) . The 
next step is to write down the projections of this group onto F(A2). 

There are four copies of F(A2) in F (5 F (g) A^F. These are detected by the 
following four projections onto A^F: 

Pi : Ui U2 U3 A M4 I— > {ui ■ U2)u3 A U4 
P2 : Ui U2 U3 A W4 I— > (u3 • U4)mi a U2 

P3 : ui (g) U2 "X) U3 A M4 i"> • U4)u2 A U3 — {ui ■ ^3)^2 A U4) /2 
P4 : ui (X> U2 (8) U3 A M4 f-^ ((m2 • ^3)1*1 A U4 — {u2 ■ U4)ui A U3) /2. 

One can easily check that there are two copies of F(A2) in V ^ A^V and that the 
projections pi — Ps and p2 — Pa vanish on these. This leaves two copies of F(A2) in 
{y ®V ® A'^V) / (F ® A^F). One of these vanishes in Hom(F,pg(3)) &sV®V®u 
projects to zero there. We are now ready to compute. 
Since 

Uj — Oj A aa A 63 — Oj A 04 A 64 
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lies in the kernel of the projection p above when j = 1,2, ui A U2 is an element 
of A^y(A3). The projection r takes ui A U2 to — 4ai A a2. On the other hand, by 
straightforward computations using (11.3), we have 

Pi([mi,U2]) = P2{[ui,U2]) = 0, and p3([ui,U2]) = P4([ui,U2]) = -4ai A a2. 
Consequently, 

iPl -P3)([U1,U2]) = (P2 -P4)([U1,U2]) = 4 Oi A 02- 

Next observe that ad[ai,a2] corresponds to the element 

a 

— (flj (3 6j (g) ai A a2 — bj (g) aj i8) ai A 02) . 
of (y (g) y (g) A'^V) / A^y). Since X) [aj^bj] = 0, ad[ai, 02] is also represented 

by 

g g 
z := — ^ (aj ® 6j (g) oi A a2 — fej (g) (g) ai A a2) — 2 ^ ai (g) 02 ® A 6^. 

By direct computation, we have 

(pi -P3){z) = (P2 -P4){z) = -(2.g + 2) ai A 02. 

This concludes the proof of Proposition 11. 2| . □ 
Next we consider the case of tg^i. Fix a point (C; x, v) of Mg^i so that tg^i, pg^i, 
etc. all have compatible MHSs. By strictness, the sequence 

^ Gr^ Pgs ^ Gr^ tg,i ^ Gr^ tg 
is exact in R{spg). Since the sequence 

O^Q(l)^Pg,l^Pg^O 

is exact, it follows that pg^i(2) is isomorphic to A'^V via the bracket. 

As in the case of tj, there is a canonical lifting h{Hi(tg)) Gr^tg_i of the 
natural surjection h{Hi(tg)) Gv^ ig- It follows that to give a presentation of 
given presentations of tg and pg.i, it suffices to give the map 

(23) Hl{tg) ® H^iPg^l) ^ Pg^li2) 

induced by the bracket, together with the A2 component 

(24) A^Hiitg) ^ViX2) (ipg,2 
and the invariant part 

(25) CO : A^H,{tg) t<,,i(2)^f<' - Qilf 



of the bracket. As in the case of ti, the first map ( p3|) is the adjoint of the Johnson 
homomorphism and the second (24), by naturality with respect to the projection 



tg i ^ tg, is the map c determined in (11.2). It remains to determine the map ( p5[ ) 
Observe that the sequence 

^ p<,,i(2)'^^'' ^ igsC^f' igC^f"' ^ 
splits canonically as the canonical central Ga in tg^i projects to the canonical central 
Ga in iff by ([s!^), and because Ga — tg(2)'^^'s. As a generator of pg^i(2)'^^''' we take 
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Fix an invariant bilinear form ( , ) on ^(As) by insisting that 

(ai Aa2 A 03, 61 A 62 A 63) = 1. 

We can therefore choose a generator 7 of Ga such that ii u,v G Hi{tg), then the 
invariant component of [u,v] in tg(2) is {u,v)j. 

Proposition 11.4. Ifu,v G Hi{tg), then 

r 1 / \ u 1 

Co [u, v\ = (u, w) 7 - g(^2g+l) ^ ' ^'^ ■ 

As in the previous case, we determine the coefficient by studying the action of 
L(V^(A3)) on L(y). Note that r^^i acts on the free group 7ri(C - {x},^).!] We 
therefore have a representation tg^i — > p(C — {x},v) = L(y)|^ We continue with 
the notation in the proof of (11.2). 

There are two copies of the trivial representation in V ^ V (E) A'^V . The corre- 
sponding projections to Q are: 

qi : Ml (g) M2 U3 A ^4 ^ {ui ■ U2){U3 ■ M4) 

52 : Ml ® W2 <8l U3 A U4 ^ ((mi • U4)(m2 • U3) - ("1 • W3)(m2 • M4))/2. 

There is one copy of the trivial representation in V A^V and qi — q2 vanishes on 
it. The vectors 

Ml = fli A 02 A 03 and U2 = &i A 62 A 63 

both lie in V{X3) and (mi,M2) = 1. It follows from the formula (|2^) that [ui,M2] is 
obtained by summing the expression 

a2 'Si [03, [62, ^3]] - 03 ® [02, [62, 63]] + 62 [63, [02, 03]] - 63 ® [b2, [02, 03]] 

over the cyclic group generated by (1, 2, 3). We have (qi — q2)([wi, M2]) — 6. On the 
other hand, ad'^[aj ,bj] is represented by 

a a 

^ ® aj — Qj (g) bj) S ttk /\bk 

0=1 k=i 

The projection qi — 52 takes the value —g{2g + 1) on this. The result follows. 



Remark 11.5. The formulas in (11.2) and (11.4) are closely related to those in 
Theorem 3.1 of Morita's paper |?8[ . 

12. A Presentation of p^^ 

In this section we give an explicit quadratic presentation of the pure braid Lie 
algebras p^ ^ for all g > 0. We continue with the notation of Section ||. We fix a 
complex structure on and a base point of F^^ by choosing a point 

[C;Xi,...,Xn\Vi,...,Vr\ 



^This notation denotes Deligne's fundamental group of C — {x} with base point the tangent 
vector V aT^C . 

*If we put the Hmit MHS on 7ri(C — {x},v) associated with the tangent vector v, then this 
action is a morphism of MHS. 
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In Section ^ we showed that H^{Fgj,{C)) is pure of weight 1. We wiU show 
that H^{Fg .^(C)) is pure of weight 2, from which the existence of a quadratic 
presentation of ^ wiU follow via Morgan's Theorem ( |5.8| ). 

First, some notation. Denote the projection of C" onto its ith factor by pi. 
Denote the image of the inclusion 

by H*{Ci). For x G H'{C), denote p*x by a;^*^. Denote the component of A 
where the ith and jth coordinates are equal by A^ . Fix a symplectic basis 
fli, . . . , flg, 6i, . . . , 6c, of Hi{C), and let ai, . . . ,ag, Pi, . . . , (3g be the dual basis of 
H^{C). Denote the positive integral generator of H^{C) by and the intersection 
form 



g 

r=l 



by q. When i ^ j, set 



g 



^J2al'^ Al3i'^ +4'^ Al3i'\ 



Lemma 12.1. The Poincare dual PD{Aij) of Aij is C^*^ + C'^^ - Qir □ 

This is elementary. Another elementary fact we shall need is the following state- 
ment. It is easily proved using a Mayer- Vietoris argument. 

Lemma 12.2. The natural map 

0i/2n-3(A„) ^i/2«-3(A) 

i<j 

is an isomorphism. □ 

We can therefore write the Gysin map 7 : i72n-3(A) H^{C") as the sum of 
the Gysin maps 7^ : H^{Aij) — > H^{C"); the map -fij being given by cup product 
with PD(Ay). 

Lemma 12.3. The composite H^{C) ^ H\A,j) ^ H^{C'') is given by 

^ JC^*) A a;(j) + C^^' A a;W if k e {i,j}; 

^ ^ [C^*^ AxW -fC*^'^ AxW -g^j Axf'^) ifk^{i,j}. □ 

It follows from (|]^) that the part 

^ 0Z -> i72(C") ^ H^C" ~ A) ^ i/2n-3(A) ij3(C") 

i<j 

of the Gysin sequence is exact. Purity of H'^{Fg{C)) therefore follows from the 
following proposition. 

Proposition 12.4. The Gysin map 7 : i72ri-3(A) — > H^{C"') is injective. 

Proof. The Gysin sequence can be viewed as the fiber over [C] G A4g of an exact 
sequence of (orbifold) local systems over A4g. It follows from (12.2) that the the 
monodromy actions of the last two terms of the Gysin sequence above factor through 
the symplectic group. It is convenient, though not necessary, to decompose these 
groups under the action of Spg. 
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First note that H2n-3i^ij) is isomorphic to H^{Aij), which is isomorphic to 
n — 1 copies of the fundamental representation V . Next, 

i<j<k 

Each of the terms H^{Ci) H^{Cj) is a copy of the fundamental representation 
that we shall denote by V^. The term H^{Ci) ® H^{Cj) (g) H'^{Ck) is isomorphic to 
V"^^. It contains 3 copies of V. If, for k distinct, we set 



then 



V,'] = the image of {ff^(Cfe) ""^^ H^{C")} , 



It is now easy to see that 7 is injective. Indeed, by ( 12.3 ), we see that the images 
of the maps 

are independent copies of V, and also, when k ^ {*, j}, that the image of 

is congruent to V^^ modulo the sum of the V^. □ 
Similarly, one can show that the r Chern classes of the central extensions 

U — > £1 — > TT,, „ — > TT,, — > I 



are linearly independent in i7^(7rg+") as they correspond to independent copies of 
the trivial representation in H^{Fg^'^). It follows that H'^(Fg\) is also pure of 
weight 2. 

Assembling all this, we obtain: 

Proposition 12.5. For each choice of a base point [C] of A4g and for all g > 1 

and n,r > 0, the natural MHS on H^{Fg^) is pure of weight 1 and that on H^{Fg^) 
is pure of weight 2. In addition, the cup product 

A^H\F^^,,Q) ^ H^F^^^) 

is surjective. □ 

From Morgan's Theorem we deduce that p^^ has a quadratic presentation for 
all non-negative g, r and n.^ 

Our final task is to determine the relations explicitly. First some notation. The 
Lie algebra ^ is a quotient of the free Lie algebra generated by 



i=l 



We shall think of elements of i/i(C"+'') as indeterminates, and write them as 
upper case letters. If X e Hi{C), we shall denote the corresponding element of 
Hi[Ci) by X^^\ Fix a symplectic basis Ai, . . . ,Ag,Bi, . . . ,Bg of Hi{C). Denote 
the intersection number of X and Y 6 F[i{C) by {X -Y). 



^In the genus zero case, it is well known that has weight 2 and weight 4 as the 
corresponding classifying spaces are complements of hyperplanes in afHne space. 
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Theorem 12.6. For all g > 1 and all n > 0, 

Gr^pl, ^ L(i7i(C)® )/i? 
where R is the ideal generated by the relations 

yO")] ^ [x'-f\Y'^'^] all i and j; 



^ k=l 



all i and j ; 



1 < i < n. 



k=l ^ j^i k=l 



where X and Y are arbitrary elements of Hi(C). 

Note that the last relation holds only for those factors corresponding to a marked 
point, and not those corresponding to a marked tangent vector. 

Proof. If g is a graded Lie algebra generated in weight —1 and i?2(fl) of weight 2, 
then we have an exact sequence 

^ H,{g) "-^ A'H,{g) ^"^^^ Gr^^S - 0, 

where the first map is the dual of the cup product.]^ In our case, the natural 
injection 

is an isomorphism because the cup product is surjective. The coproduct is the 
obvious inclusion of H2{Fg j.,Q) into A^ifi(C",Q), and the sequence is a sequence 
of Spg modules: 

^ i/2(F;:„Q) ^ A'H,iC",Q) ^ Gr^2Ps,. ^ 0. 

We will consider one weight at a time. Note that the three weights occurring in 
A^iJi(C"') are 0, A2 and 2Ai — the last being the symmetric square of Hi{C) and 
second being the primitive part of H2 ( Jac C) . We also have the exact sequence 

^ H2{Fl,) H2{Cn i Q ^ 
of Spg modules. The last map is the dual of the Gysin map. It follows that 

i?2(F;:„Q)A=i?2(C",Q)A 

when A is 2Ai or A2. 

The 2Ai isotypical component is spanned by elements of the form 

This gives the first relation: 

(26) = 



^''There are many ways to see this — the easiest being from the standard complex of Lie 
algebra cochains. However, the statement holds in greater generality — cf. pE| . 
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Since V{X2) is the kernel of the symplectic form A'^V(Xi) — + Q, the A2 isotypical 
component of i/2(C'") is spanned by vectors of the form 

x(o X y(^") - X - ^ (4^) X B^^^ - X 4-'') 

This gives relations of the form 

^ fc=i 

which simplifies to the second relation after applying (^6|). 

For the time being, we assume that r = 0. The trivial isotypical component lies 
in an exact sequence 

The map 7* takes W £ i?2(C") to the functional 

{Ay Ay}. 

Note that 

n 

i—1 i<j 

The first terms has basis the Z^'^\ where Z denotes the integral generator of H2{C). 
The second term has basis consisting of the 



n 



A« X Bi'^ - bI:^ X A^^ 



We next determine a basis of ker 7* . 

Choose n distinct points wi, . . . , u„ of C. For i < j, let Cy be the image of the 
map C C" defined by 

X ^ (Ui, . . . ,Ui^i,X,Ui+i, . . . ,Uj_i,X,Uj + i, . . . ,M„). 

Denote its homology class by Zij . It is easily seen that 

Zij — Zi + Zj + Qij. 

Observe that 

{0 i, j, fc, I distinct; 

1 #{z,j,fc,0 = 3; 

2-25 ij = kl. 

The first two assertions are clear, the second follows from the projection formula 
applied to the projection of C" onto along the ith and jth factors and the fact 
that the self intersection of the diagonal in is the Euler number of C. It follows 
immediately that a basis of 

H2{F^fP^ = ker{i?2(C")^f« -> ^^(A)} 

consists of the 

. 1 v-^ 
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These give the relations 

k=l ^ j^i k=l 

which becomes the third relation after an application of (p6|). 

Finally, the third relation is dual to the first Chern class of the puUback of the 
tangent bundle of C along pi : C" C. It follows that in the general case, we do 
not get any relations coming from the trivial representation associated to an index 
corresponding to a tangent vector. □ 

We conclude this section with a computation of the generating function of the 
lower central series of tt^^. This corrects the formula in (The galois analogue 
of this corrected formula is also stated in (2.14)].) 

Theorem 12.7. For all g >\ and all n > 1, we have 

k=l 1=1 

where ri is the rank of the Ith graded quotient of the lower central series of t: 



a • 

Proof. Since F"^ is a smooth variety and a rational K{-k, 1) by (8^), we can apply 
(HI) and the formula (9.7)] to deduce that 



w,,{t)^\[{i^tr, 



where, for a graded (variation of) MHS H 

WH{t)=Y,x{Grf H)t^ 

k>0 

and, for an algebraic variety X, Wx{t) = W^_f/«(x)(i)- (Here x denotes Euler 
characteristic.) The result now follows by induction on n using the fact that 

Wc^{^,^...,^„}{t) = 1 - 2.gt + (n - l)t^ 

and the following lemma which is proved by induction on the length of the weight 
filtration of V. □ 

Lemma 12.8. // V is an admissible unipotent variation of MHS over a smooth 
variety X , then 

WH'iX,Y){'t) = Wx{t)WY{t). □ 

13. The General Case 

In this section we assemble results from Sections ^ and ^ to obtain a presen- 
tation of tg ^ for all g > 6 and all r and n > 0. Fix a base point 

[C;Xi, . . . ,Xn;Vi, . . . ,Vn] 

of so that tg j, and p^^., etc. all have mixed Hodge structures. The sequence 

of Lie algebras 

f) ^ — > t" ^ t n 

U J. Ig j. ' Ig ' U 

is exact in the category of MHSs, and therefore remains exact after applying Gr^ : 
^ Gr^ Plr - Gr^ t" ^ Gr.^ t, ^ 0. 
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By (5^), ® C is isomorphic to the completion of Gr)^ (g) C. So, to find 
a presentation of t^^, it suffices to find a presentation of its associated graded. 
As in § [Tl| , there is a lift of the canonical homomorphism L(i/i(tg)) — > Gr^ Ig 
to a homomorphism L(i/i(tg)) Gt^ tg ^. Given presentations of Gt^ tg and 
GrJl^pg a presentation of Gr^ tg ,. is determined by maps 

a : H.itg) ® H.ipl^) ^ Pl,{2) 
c:A^Hi{tg)^pl,{2)x, 
c,:K'H,{ig)^il^{2fP^ 

induced by the bracket. 

Observe that the homomorphism 

, „©(n+r) 
Fg,r Vg 

induced by the inclusion Fg^{C) ^ (7"+'' induces isomorphisms 

H,{pl,) - i/i(p,)®("+'') and pIMm ^ Pg(2)®("+'-l 
By a naturality argument, the map a is easily seen to be the adjoint of the map 

(r-\-n r+n 
0i7i(p,),0p,(2)A, 

which is the direct sum of n + r copies of the Johnson homomorphism. 

The map c is simply the sum over all the marked points and tangent vectors 

K^H,{ig)^^Pg{2)^Pl^{2)^,. 



of the maps ( |20| ) which is determined in (11.2). 

In remains to determine cq. As in the case of t^^i considered in Section |l^, there 
is a canonical splitting of the sequence 

^ pgV(2)^^' ^ tg.r(2)^^'' ^ "(2) ^ 
from which we obtain a canonical decomposition 

As in § pl] , we identify i?i(tg) with the subspace of A'^y which is the kernel of the 
projection (p^), denote by ( , ) the unique Spg invariant bilinear form on Hiiig) 
such that 

(ai A 02 A 03, 5i A 62 A 63) = 1, 
and choose a generator 7 of Gq such that if u, u G Hi{tg), then the invariant part 
of [u, v] in tg(2) is {u, v) 7. 

Observe that there is an exact sequence 

r r+n 

0- Q(i)e0Q(i)^p^,.(2)^0p,(2)^O 

l<i<j< r+n 2—1 J — 1 

of Spg modules. It follows that 



Pl^{2fp^^ Q(i)©0( 
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The terms indexed by 1 < z < r correspond to the r marked tangent vectors; those 
indexed by 1 < i < j < r + n to the diagonals Ay . It is easy to see that the 
composition 

r 

1=1 

of Co with the projection 

r 



is the sum of the maps cq associated to tg^i computed in (11.4). So it remains to 
determine the composition 

A'i?i(t,)- Q(l) 

l<i<j<r+n 

of Co with the projection 

e'-+" : t^.,(2)^f.' Q(l). 

l<i<j<r+n 

To do this, it suffices to compute in the case of t^, for then the map e'"^" is 
simply the sum of the e^s over all diagonals. 
In order to compute 

: tlr{2fP^ ^ Q(l) 

we use the fact that a punctured tubular neighbourhood of the diagonal A in C x C 
is homeomorphic to the frame bundle of the tangent bundle of C . In this way, we 
obtain homomorphisms 

igs ^ i] and pg,i ^ 

In particular, we have a map 

(27) Pg,i(2)^P« -.p2(2)Si,,^ 

Using the fact that GrJ^pg i Gy^ p^g is a homomorphism and that on Hi, it 
is the diagonal map V ^ V ®V , see that the map (^^ takes the generator 
Y.k[Ak.B,] ofp,,i(2)^^P« to 

fe=i 

k=l 

It follows that in tg, the map cq is given by 

coin. V] . .) , - ± ([aW, i^f ] + [A^\Bl^^] 

This completes the determination of cq in general and, with it, the descriptions of 
the tl^. 
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14. Applications 

14.1. Cup products and Massey products. We have shown that for all g > 6 
and all r,n > 0, the Lie algebra Gr^t^^ has a presentation with only quadratic 
relations. This implies, using the short exact sequence in p9| for example, that the 
cup product 

is surjective. It follows that the cup product 
is also surjective. 

Recall that the /-fold Massey products constructed from H^{A'), where A' is a 
d.g.a., are defined on a subspace Di of iJ^(A')®' and take values in 
where denotes the lift to iJ^(yl') of the image of the Massey products of order 
< I. It follows that all Massey products in Hl^^{i^ ^) of order > 3 vanish when 
5 > 6 as the cup product (Massey products of order 2) map is surjective. 

Since the natural map Hl^^(Vg ,^) H'^{Tg j,,Q) is injective (cf. (|5.lD ) and pre- 
serves Massey products, we have: 

Theorem 14.1. For all g > 6, all Massey products of order > 3 in H'^{Tg,r,Q) 
vanish. □. 



Remark 14.2. It follows from the fact that there are non-trivial cubic relations and 
no quadratic relations in a minimal presentation of that the cup product 

A^H\T3,Q)^H\T3,Q) 

vanishes, and that the Massey triple product map 

is non-trivial. 



It follows from ( |l0.l| ) and (|lOJ) that for all .9 > 6, H^tsi^g) l^as highest weight 
decomposition 

HLiig) = V{Xe) + V{Xi) + V{X2) + V{X2 + A4). 



Theorem 14.3. For all g > 3, there is an (unnatural) isomorphism 
of Spg modules. 

Proof. Chose a base point of Aig r- Then 

is an exact sequence of mixed Hodge structures, and the corresponding spectral 
sequence 

^ H^tsitg^H^ctsiP'lr)) =^ H^^\tg ,.) 

is a spectral sequence in the category of mixed Hodge structures. Since tg has 
negative weights, the weights on H^^^{tg) are > k. This and the fact that H'^{pg j.) 
is a trivial tg module when k — I and 2 imply that = £'2^ when s + t — 2. The 
result follows. □ 
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14.2. Period space is not contractible when 5 > 4. Denote by t)g the Siegel 
upper half space; that is, the space of symmetric g x g complex matrices with 
positive definite imaginary part. Denote the image of the period map 

Teichmiiller space — * f)g 

by Jg, and its closure by Jg. When g < 3, Jg = f)g, so that Jg is contractible in 
these cases. 

Theorem 14.4. For each g > 4, H^{J'g,Q) is non-trivial. Consequently, Jg is 
not contractible. 

The proof proceeds in two steps. We begin by making a definition. 

Definition 14.5. The extended Torelli group Tg is the subgroup of Tg consisting 
of those mapping classes which act as ± the identity on the first homology of the 
reference surface. 

We have group extensions 

(28) l^Tg^fg^ Z/2Z ^ and 1 ^ fg ^ ^ PSpg{Z) -> 1 

where PSpg{1) denotes the quotient of Spg{1) by ±/. Note that the first sequence 
gives rise to a natural action of Z/2Z on H'{Tg). 
The first step is: 

Proposition 14.6. For all g > 3, there are natural isomorphisms 
H'{Jg,Q) ^ H'{fg,Q) ^ H'{Tg,Qf^^^. 

Moreover, when g > 4,, H'^{Tg,Q) is non-trivial. 

Proof. Since <? > 3, J7g is the quotient of Teichmiiller space by Tg. Since the 
mapping class group acts on Teichmiiller space virtually freely, this implies (via 
standard arguments) that there is a natural isomorphism 

H'{f,'[l) = H'{Jg,Q). 



Applying the Hochschild-Serre spectral sequence to the first of the extensions (28) 
above, we see that 

But — / G Spg{Z) acts trivially on H^^^^{tg), which implies that 

H^MCH\fg,Q). 
The result follows. □ 

Remark 14.7. This argument also shows that the image of the cup product 

A^H\T3,Z)^H^iT3,Z) 

is 2-torsion. 

To complete the proof of the theorem, note that Jg — J g — H where TZ is 
the locus of reducible jacobians. By standard arguments, each component of 
has complex codimension > 2 in J g. Combining Lefschetz duality and the Gysin 
sequence, we obtain an exact sequence 

a^glu-ii^Jl) H*'{J g) H^{Jg) -> i/^*^fc_7(7^), 

where iJ^*^ denotes Borel-Moore homology. Since TL has real codimension 4, it 
follows that H^{Jg) = H'^{Jg). The theorem follows as H'^{Jg) is non-trivial. 
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14.3. Johnson's conjecture. In Johnson constructed maps 

(bk ■■ Hk{Tg) -> Hk+2{iacS)/[S] x fffc(Jac5), 

which generahze the classical Johnson homoniorphism, which is the case k — 1. He 
conjectured that these homomorphisms are isomorphisms for all k and sufficiently 
large g. 

The following result is an improvement of some unpublished computations of 
Morita (cf. |6|, §4]). 

Theorem 14.8. For all g > 3, the map (f>2 is not injective. 

Proof. It is not difficult to see that each (j)k is Spg{1i) equivariant. Consider its 
adjoint 

4 : ^=+2 ( Jac 5, Q) /w A ( Jac S*, Q) ^ iJ (7^3 , Q) ■ 
This is also Spg{'L) equivariant. The domain of is the primitive cohomology 
group Pif^ (Jac 5, Q). This is the restriction to Spg{'L) of the rational representa- 
tion of Spg with highest weight A4. Since this is an irreducible Spg{'L) module, the 
image of (t)\ is either isomorphic to V{\4) or trivial. But H^{ Tg, Q ) contains the 
rational representation iJ^^g(tg). It follows from the results in § 14.1 that 

Hl,itg)/im<j)inHi^itg) 

is non-trivial as it contains V{Xe) + V{X2 + A4) when g > 6; V{X2 + A4) when 
g — 4, 5; and V^(A3) when g — 3. The result follows. □ 

14.4. Filtrations of Tg. Define a filtration 

(29) Tg = L^Tl 3 L^Tl D L^T^ D • • • 

of by 

L'^T^ = {0 e : 0, : 7ri(5',x) Tri{S,x) is congruent to the identity mod r'^+^j . 

It is quite common in the literature for this filtration to be called the relative 
weight filtration, as it is in and |Q. In view of ( 1.10| ) and (14.10), I feel that 
this terminology is likely to result in confusion. 

Proposition 14.9. This filtration is a descending central series ofTg with torsion 
free quotients and has the property that 

00 

n L'Ti 

k=l 

is trivial. 

Proof. This follows directly from the fact that the fundamental group of a compact 
Riemann surface is residually nilpotent and the fact that the graded quotients 
of the lower central series of a surface group are torsion free . □ 

The most rapidly descending series with torsion free quotients of a group G is 
the series 

G ^ D^G D D^G D D^G D ■■■ 

where 

D'^G ^ {g e G : there is an integer n > such that 5" G T'^G}. 

This filtration has the property that D^G/D^^"^ is the fcth term of the lower central 
series of G mod torsion. Proofs of these assertions can be found in H . 
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In the current situation, we have 



Johnson's Theorem impUes that D^Tg = L^Tg when g > 3. The computations 
(|!|) and dlO.ll ) imply that the kernel of D'^T^ / L'^T^ / L'^ is isomorphic to Z. 



Morita was aware of the fact that the kernel was at least this big — cf. his work on 
the Casson invariant and asked whether there is a such that D^Tg D L^Tg. 
That is, whether the kernel of D'^Tg / D'^ Lp-Tgjl? can be detected by the action 
of on the quotients of tt^ by the terms of its lower central series. 

More generally, one can ask if the topologies on determined by the filtrations 
D* and L* are equivalent. (Both are separated.) That is, for each A: g N, can one 
find a positive integer n(fc) such that L'^'y^^T] C D^T] ? 

Since the groups Tg / and Tg/L^ are torsion free nilpotent, they imbed as 
a Zariski dense subgroup of a unipotent group defined over Q. One obtains two 
inverse systems of unipotent groups. It is clear that the first prounipotent group 
is the Malcev completion Tg of T^, and the second is the prounipotent group 
associated to the pronilpotent Lie algebra [)g := im{tg Og}, where 5g is the 
pronilpotent Lie algebra defined in The two topologies on Tg are equivalent 
if and only if the natural map — > f)g is an isomorphism. Equivalently, they are 
equivalent if and only if — > 5^ is injective. It is also clear that the filtration L' 
of induced from that of Tg is the puUback of the weight filtration of ()g, so that 

(L'^T^VL'^+i)®Q-Gr^i=Gr^,[)i 



and that L'^i^ D Gq for aU /c > 1 — cf. 



Theorem 14.10. For all <? > 3, and all k > 1, L^i\ 2 Ga so that the natural 
representation tg — > I)g is not injective as its kernel contains Gq. In particular, 
there is no k>l such that W-stl D L'^tl. □ 



One can define a filtration L* of Tg by defining L'^Tg to be the image of L'^Tg. 
Using similar arguments, one can prove that the filtrations L* and D* of Tg do not 
define equivalent topologies. 

14.5. A question of Asada and Nakamura. There is an issue raised by Asada 
and Nakamura in ^, (4.5)] which is closely related to Morita's question. Denote by 
TTg^i the fundamental group 7ri(S', v) of S with respect to the tangent vector v. It is 
naturally isomorphic to the fundamental group of the punctured surface 5* minus 
the anchor point x of v. Note that Tg^i acts on TTg^i. They define a filtration M* 
of Tg as follows: First define a filtration L* of Tg^i as in the previous section: (p is 
in L'^Tg^i if and only if (j> induces the identity on iTg^i modulo the {k + l)st term of 
its lower central series. Define M'^T^ to be the image of L'^Tg^i in T^. They then 
ask whether, after tensoring with Q, the sequence 

^ Gri^ TTg Grf T^ Gr^ Tg ^ 



is exact. (Recall from (4.7) that the lower central series of pg agrees with its weight 
filtration.) We now give a proof that this is indeed the case. We continue with the 
notation of the previous section. 
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The filtration M* induces a filtration of t^. Their question then beocmes: is the 
sequence 

^ Grfpg ^ Gi^tl ^ Gv^tg ^ 

exact? Fix a base point of Mg^i so that tg i, t^, tt^ i, dg, pg, etc. all have compatible 
MHSs; the MHS on p^^i is the limit MHS on 7ri(5' — {x},Xo) associated to the 
"degeneration" where Xo approaches x from the direction of v. Denote the image of 
tg in dg by f)^, and the image of tg in Og by f)g. These have canonical mixed Hodge 
structures determined by the choice of the base point. Since the diagram 

^ Pg > il > tg > 

> Pg > > i)g > 

commutes and since the top row is exact, it follows that the bottom row is exact. 
Since Gr^ is an exact functor, and since Grj^ t)^ ^ Gr^ tg when n = 0, 1, this 
implies that the sequence 

^ Gri^ ^ Grf ^ Grf tg ^ 

is exact. To complete the proof, we show that the filtrations L* and M' of tg are 
equal. 

Denote by bo the element of TTg i that corresponds to rotating the tangent vector 
once about x — this is a "Dehn twist about the boundary of S — {a;}." The action 
of Tg^i on TTg,! fixes bo, and therefore induces a homomorphism Tg^i — > Aut(7rg^i, 6o) 
into the automorphisms of TTg^i that fix bg- Set Wg = logbo- This we interpret as 
an element of pg,i. The homomorphism above induces a homomorphism Tg_i — » 
Aut(pg,i, lOo), and therefore a Lie algebra homomorphism 

tga Der(pg,i, Wo) 

into the derivations of pg^i that annhilate Wq- It follows from standard properties 
of limit MHSs that Wo spans a copy of Q(l) in Derpg^i. But Der(pg^i,Wo) is the 
kernel of the map Derpg.i pg^i that takes to (f>{wo) — Wo- Since Wg is a Hodge 
class, this is a morphism of MHS. It follows that Der(pg^i, t«o) has a natural MHS. 

Since pg is the quotient of pg^ by the ideal generated by Wo as MHS, the homo- 
morphism 

Der(pg,i,ti;o) -> Derpg 

is a morphism of MHS. The filtration M* of tg.i is the inverse image of the weight 
filtration under the homomorphism tg^i Der(pg_i, Wq). The equality of the fil- 
trations L* and M* of tg now follows from the strictness properties of the weight 
filtration as the diagram 

*9.i ' 



Der(pg,i,'u;o) > Derp, 

commutes and all arrows are morphisms of MHS. 
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14.6. Cohomology of tg and vanishing differentials. Since V^r — l^-i^gr; it 
follows that 

Wk-lHi,{ilr) = 

for all fc > 0. The lowest weight suhring of H'^^^tg^^) is defined to be the subring 

k>0 

By H^, (9.2)], this is a quadratic algebra generated by H^^g{l]^,.) and where the 
relations are dual to the second graded quotient of the lower central series of T^r- 
The following result is a refinement of (7.4). 

Theorem 14.11. For each irreducible representation V{X) of Spg, the image of 
the natural homomorphism 



[WuHUil^)®V{\)Y''^ ^H\Spg[Z)^H^{Tl,)®V{\))=E\ 



2 



contained ir 



= im{H\Tl^,V{Xj) ^ H\T-,) ® ^(A)} 



Proof. Fix a base point of Mg ^, so that t^^, ,,, etc. all have compatible MHSs. 
Since the extension 

^ G„ ^ tl, ^ nl, ^ 
is central with kernel isomorphic to Q(l), it follows from the Gysin sequence that 
the induced map 

^WkH^Ju'l,) - 0W^/ci?l(tg".)- 

fc>0 fe>0 

is surjective, with kernel the ideal generated by the cohomology class in VF2i?cts(^g r) 
corresponding to the extension above. 
By ( |7.3|) , there is a canonical map 

[HLKr) ^ i/^r^,., v(A)). 

The result follows because the diagram 



[WkH^,,itl,) ViX)] > H^iSpgiZ), H^^iTl,) ® V{X)) 

commutes, and because the left hand vertical map is surjective. □ 

14.7. Morita's Conjecture. We now prove a result which is, in some sense, an 
affirmation of Morita's conjecture |39, 2.7]. Our result is an analogue of his theorem 
|39| 6.2] which is a solution to the conjecture in the first non-trivial case. He also 
informs me that he has proved the second non-trivial case of the conjecture over 

Suppose that g > 3. Denote the kth term of the lower central series of tt^ by 
ttW. Set 

We know from Labute's theorem |Q that this is a torsion free nilpotent group. For 
each fc > 1, there is a natural representation 

Pfc : Fg Aut7r(fc). 
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The first is simply the standard representation Spg{'L). Denote the Q form 

of the unipotent completion of 7r(fc) by V^k) . Since tt^^,) is torsion free, the canonical 
map 7r(;j) — > V^k) is injective. By the universal mapping property of unipotent 
completion, we see that each pk extends to a homomorphism 

Pk : -> AutP(fc). 

Denote the Lie algebra of Vi^k) by p(fe). Then AufPfj.) ^ Autp(i^^). It follows that 
Aut 'P(k) is a linear algebraic group. Denote the Zariski closure of the image of pk 
in this by Gk- It is easy to see that Gk is an extension of Spg{Q) by a unipotent 
group: 

l^Uk^Gk^ SpgiQ) ^ 1 
This extension is split exact, so that 

Gk = SpgiQ) K Uk. 

By the universal mapping property of the relative completion of F^, there is a 
homomorphism —^ Gk which commutes with the projections to Spg. The fol- 



lowing result follows directly from the fact (3^) that the natural map Ug is 

surjective.0 

Lemma 14.12. For each k >2, p{Tg) is Zariski dense in Uk- □ 

Proposition 14.13. For each k > 2, the image of pk is a discrete subgroup of 
Gfc(M), and the quotient im pk\Gk{^) has finite volume with respect to any left 
invariant metric on Gfc(R). 

Proof. Since every finitely generated subgroup of the Q points of a unipotent group 
U is discrete in f7(M), it follows that pk{Tg ) is a discrete subgroup of ?7fc(M). Since 
it is also Zariski dense, it is cocompact. The result now follows as the image of 
in Spg{R) is Spg{Z), which is discrete and of finite covolume. □ 

We should note that Morita works with Fg^i rather than with F^ as we do. Our 
arguments work equally well in his case; we chose to work with F^ as it seems more 
natural. In conclusion, we remark that the Lie algebra of Uk is simply the image 
t)g/W^k~i of Ug in Derp(;j). It follows that the Lie algebra of Uk has a MHS, and 
is therefore isomorphic to its associated graded after tensoring with C. 

15. The Universal Connection 

In this section we construct a universal connection form 

w G i;'(Torelli space) ® Gr' t^ ,. 

with "scalar curvature" on Torelli space when g > 3. Here E*{X) denotes the C°° 
de Rham complex of a smooth manifold X , and the completed tensor product.^ 
This is the analogue of the universal connection 

^ dlog(zi - Zj) Xij e E'{Xn) ® Gr* p„ 



^^A direct proof of the lemma can be given — cf. the proof of jl^ , (4.6)]. 

^^The completed tensor product E'{X) (XiGr* g is defined to be the inverse limit 

lim£;*(X) «) Gr* g/ ®i>^ Gr' g. 
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Braid Groups 


Mapping Class Groups 


Comments 


Bn 




the group of interest 






a semi-simple algebraic 
group G 


P '■ Bn —* Sn 




homomorphism to G 
with dense image 






the image of p, an arith- 
metic group 


Pn 


Tn 


the kernel of p, a resid- 
ually torsion free nilpo- 
tcnt group 


Vn 




prounipotent radical of 
the relative completion 


B„ ^ S„ K Vn 


Vg-*gg^Spg{C) K Ug 


the relative completion 


Vn 


Tg 


the unipotent comple- 
tion of the kernel of p 


id:Vn-^ Vn. 


Tg-^Ug 


the homomorphism to 
the prounipotent radi- 
cal 


Pn 




the pronilpotent Lie al- 
gebra corresponding to 
kerp 


Gr*fn=UHl{Pn))/R 


Gr' tg= UHi{Tg))/R 


quadratic presentations 
as graded Lie algebras 
in the category of rep- 
resentations of G 




V{X6), V{X4), V{X2), V{X2 + A4) 


the quadratic relations 


Xn ■■= C" - {fat diagonal} 


Hg := Torelli space 


the classifying space of 
the kernel of ker p 




Mg = Spg{I.)\Hg 


the classifying space of 
the group of interest 


Eij ^ij ^ij G E'{Xn) ® Gr* Pn 


oj G E'{Hg)%>Gr* tg 


the "universal (projec- 
tively) fiat connection" 
on the classifying space 
of ker p 



for the braid group P„. Here X„ denotes the classifying space 

C" - {fat diagonal} 

of the pure braid group, (zi, . . . , z„) its coordinates, and p„ the Malcev Lie algebra 
associated to P„. A reasonably precise dictionary between the case of braid groups 
and the absolute mapping class groups Tg is given in the table. 
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Question 15.1. The Lie algebra Gr* p„ has interesting finite dimensional represen- 
tations; namely those associated to Hecke algebras. Are there analogous represen- 
tations of Gr* tg ^ where the canonical central Ga acts via scalar transformations? 
These should lead to interesting projective representations of ^. 

We now give the construction of the connection. First recall that Torelli space 
Tig J. is the quotient of the Teichmiiller space associated to F^^, by Tg ,.- It is the 
moduli space of isomorphism classes oi {n + r + 2g + l)-tuples 

{C;xi, . . . ,Xn;vi, . . . ,Vr;ai, . . . ,ag,bi, . . . ,bg) 

where C is a compact Riemann surface of genus g, xi, . . . , x„ are n marked points, 
vi,...,Vr are r marked tangent vectors, and ai,...,bg is a symplectic basis of 
7fi(C, Z). Since Tg,. is torsion free and Teichmiiller space is contractible, is 
the classifying space of Tg .^. 

The bulk of the work needed for the construction of the connection has already 
been done in §14]. Fix a point x £ Mg ,.. It follows from ^ §14.2] that there 
is a 1-form 

which is integrable and is Spg{'L) invariant in that 
(30) s*uj = Ad{s)LO 

for aU s G S'pg(Z). That is, if 

oj ^w/Xj, where wi G E^{ni,.) and Xj e Gr^ u^,., 
I 

then for all s G Spg{Z), 

where X ■ s denotes the canonical action oi s G S on X £ This should be 

compared with the case of braids where the corresponding formula is easily verified 
-cf. m (14.6)]. 

Since there is a canonical isomorphism 

i>i 

this form gives rise to a flat connection on the trivial right l^gr principal bundle 
Note that Spg{'L) acts on this bundle via the diagonal action. The composite 

g,r g-T *^ 5,r 

is a left principal Spg{Z) ^Ug ,. bundle (in the orbifold sense.) The invariance condi- 
tion ( |30| ) means that the connection defined by u is invariant under the Spg(Z) "xW^,. 
action. The monodromy yields a representation 

Tl,~.Spg{<C)KUlA^) 

As proved in ||l^, §14.2], this is the C form of the completion of F^ ^ with respect 
to the canonical homomorphism F^ ^ — > Spg (C) . 
Since the sequence 
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splits canonically over C (given the choice of the base point x), to has a canonical 
lift 

to GiY tg r- This form is not integrable, but since u is integrable, the curvature of 
uj takes values in the central Ga- It also has the invariance property (^0|). 

We will say that a representation </> : Gr^ — > End(F) is projective if the image 
of Ga consists of scalar matrices. If V is an Spg module and is Spg equivariant, 
then (j) should integrate to a homomorphism 

r^,, ^ PGLiV), 

at least when (p is "sufficiently small," since, in this case, the composite 

Lu^ £ E'(X.a) ® End(\/)/scalars, 

an infinite sum, should converge to an integrable 1-form. The equivariance of 4> 
implies that a;^ has the invariance property (^), leading to a projectively flat 
bundle over M.^ r with fiber V over the base point x. 

Appendix A. Index of Principal Notation 



This is an index of principal notation. Some notational conventions appear after 
the index. 



pn 


mapping class group — genus g, n points, r tanj 


jents 


P- 


2 






Torelli group, genus g, n points, r tangents 




P- 


2 




UV) 


free Lie algebra generated by a vector space V 




P- 


2 






configuration space of points and tangents on a 


jenus g surface 


P- 


5 






7ri(FJ'^, *) — pure braid group, genus g 




P- 


5 




^IM 


level I subgroup of 




P- 


8 




gn 

^ g,r 


relative completion of ^ 




P- 


8 




^g,r 


prounipotent radical of Q^^ 




P- 


8 




n 

g,r 


Lie algebra of Ug^^ 




P- 


8 






unipotent completion of T^^^ 




P- 


9 




t" 

g,r 


Lie algebra of 7^"^ 




P- 


9 




-pn 


unipotent completion of tt^ 




P- 


10 


B" 

rg,r 


Lie algebra of P"^ 




P- 


10 




moduli space of decorated genus g curves and level / structure 


P- 


12 




) continuous cohomology of a group tt 




P- 


17 




continuous cohomology of a Lie algebra g 




P- 


18 




symplectic Lie algebra of rank g 




P- 


20 


R{SPg) 


representation ring of spg 




P- 


20 


A, 


jih fundamental weight of spg 




P- 


20 


V{X) 


spg module with highest weight A 




P- 


20 


|A| 


the "size" of ^(A) 




P- 


20 


Vx 


the A-isotypical part of an spg module V 




P- 


25 


Pa 


shorthand for p^ 




P- 


26 


^a 


shorthand for tt^ 




P- 


26 


0(0 


lih graded quotient of the weight filtration of g 




P- 


26 


^a 


the image of in Derpg 




P- 


27 


"a 


quotient of 5g by the inner derivations 




P- 


27 
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In notation of the form Y^"^, the decorations r and n are omitted when they are 
zero. So, for example, F^q is written Fg. In the case of tt^ ^ and pg this is carried 
one step further; we denote tt^ by Wg, and pg by pg. In notation of the form Y[l], 
the level I is omitted when it is one. So, for example, Mg Q^l) is written M^. 
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